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Abstract
A theoretical model has been developed to predict the excitation energy, spin and
parity distributions of the residual nuclei following a (p,t) two-neutron transfer re-
action. These distributions may be compared with those expected for the same
residual nucleus produced via an (n,γ) reaction and therefore provide information
on whether (p,t) can be used as a suitable surrogate in cases where an (n,γ) reaction
cannot be observed directly. The model developed predicts the possible spin, parity
and energy values of the discrete excited states populated in the residual nucleus
and calculates the absolute strength of each transition, including both the dynamical
and structural components of the cross section. The model has been designed to be
purely predictive and to require little or no detailed prior information on the target
nucleus in question. The model developed has been applied to the case of 28.53 MeV
protons incident on an isotopically enriched 92Zr target, a case for which experimen-
tal data have recently been taken by another research group using the STARLiTeR
detector at Texas A&M University. Data exist for the triton energy spectrum, triton
angular distributions in the range θ ≈ 25◦ - 60◦, and coincident γ-ray decay spectra.
A detailed comparison between the model and data shows a reasonable match to
the average trends, but a breakdown when individual discrete states are scrutinised
in detail. In particular, the model fails to predict the population of a number of
physical states observed in 90Zr, suggesting a more sophisticated approach to the
structural and/or dynamical components of the model is required. Possible alter-
native methods and extensions to the physics of the model, in order to address the
discrepencies with the measured data and to allow the model’s application to more
diverse physical systems, are also discussed.
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Chapter 1
Introduction
1.1 Surrogate reaction method
Theoretical calculations of neutron-induced reaction cross sections rarely produce
perfect matches to the measured physical values [1]. Often experimental data are
required to constrain the inputs to a calculation, or even to scale the results. The
fidelity of calculations generally decreases as one moves further from the line of
stability on the Chart of the Nuclides, often referred to as the Segre´ chart [2]. The
line of stability is shown on the Segre´ chart in Figure 1.1.
Unfortunately, for many isotopes of interest it is not possible to conduct con-
ventional neutron-induced cross section measurements. There are various reasons
why it may not be possible to measure a certain nuclear reaction directly. Most
common amongst these reasons is too short a lifetime to produce a target for the
nucleus in question. This is especially relevant for many of the isotopes produced
during fission, which are generally neutron rich and rapidly undergo β decay [3].
These neutron rich isotopes populate the Segre´ chart to the lower right of the line
of stability.
The majority of reactions of interest to the nuclear industry, and many relevant
to astrophysics, involve the collision of an incident neutron with a target nucleus.
Aside from elastic scattering, the reactions which may occur due to an incident
neutron typically take place through an intermediate compound nucleus state, as
1
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Figure 1.1: The Chart of the Nuclides, showing the line of nuclear stability in black.
Created using [4].
shown in Figure 1.2.
Here the incident neutron is absorbed by, and shares its energy with, the target
nucleus and forms an excited compound nucleus. This compound nucleus is unstable
and will decay after some time to form the final products of the reaction. The basis
of the surrogate reaction method is to exploit the Bohr assumption, that the mode
of decay of a compound nucleus is independent of the type of reaction from which
it formed [5]. It is assumed that only the spin distribution of the states, in both
energy and angular momentum, populated in the compound nucleus plays a role in
determining the statistical likelihood of decays via each possible channel [1, 6].
In the surrogate reaction method, a suitable surrogate nucleus and reaction are
sought, such that the same compound nucleus, and if possible its spin distribution,
will be formed as is expected in the reaction of interest. The surrogate process is
illustrated in Figure 1.3.
In the desired reaction case, one needs to determine the cross section σαχ (Ea)
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Figure 1.2: Illustration of a nuclear reaction proceeding through the compound
nucleus stage. Here the projectile a collides with A to form B∗, which then decays
to a number of possible products. Image taken from Ref. [7].
Figure 1.3: Illustration of the surrogate reaction method. Here, d interacts with D
to form the compound nucleus B∗, which then decays in the same manner as would
be expected through the desired reaction. The projectile d may simply be scattered
inelastically, but most often loses or gains nucleons to form particle b. Image taken
from Ref. [7].
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for a reaction with incident channel α (a + A) at an incident energy Ea and exit
channel χ. The cross section σαχ (Ea) is often split into two components, as shown
in Equation (1.1)
σαχ (Ea) =
∑
J,pi
σB
∗
α (Eex, J, pi)G
B∗
χ (Eex, J, pi) . (1.1)
Here σB
∗
α (Eex, J, pi) is the cross section for (a+A) forming the compound nucleus B
∗
with an excitation energy Eex in the state J
pi and GB
∗
χ (Eex, J, pi) is the probability,
or branching ratio, of B∗ decaying to channel χ.
In a standard measurement σαχ (Ea) is measured directly. In the surrogate ap-
proach however, GB
∗
χ (Eex, J, pi) is determined by indirect measurement and σ
B∗
α (Eex,
J, pi) is calculated, generally via the optical model (see Chapter 2). The surrogate
approach is therefore intrinsically a hybrid of theory and experiment.
The surrogate method was first applied in the 1970s to the (n,f ) / neutron-
induced fission reaction by e.g. Cramer and Britt [8] and then Britt and Wilhelmy
[9]. These studies utilised the (t,p) reaction and employed the Weisskopf-Ewing
approximation [10], which assumes that the probability of decay to any channel χ is
independent of the Jpi components of the compound nucleus spin distribution, i.e.
it is only dependent upon the excitation energy and GB
∗
χ (Eex, J, pi) → GB∗χ (Eex).
These early surrogate studies, and more modern measurements made using the same
approximation, show a good match against available direct measurements of the
desired reaction, for energies above ≈ 1 MeV, to an accuracy of 10 - 20% [11, 12].
A match to the data within 20% would generally be considered better than that
expected from a purely theoretical calculation [13].
Interest in the surrogate method has been rekindled in the last decade, with
dedicated surrogate reactions programmes forming in both the US and France, and
with smaller scale efforts also underway in India and Japan. These groups have
largely focussed their efforts upon measurements of the (n,f ) cross sections of mi-
nor actinides in support of nuclear fuel-cycle applications. The surrogate reactions
group at the Lawrence Livermore National Laboratory (LLNL) is the primary con-
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tributor, in both theory and experiment, to the US programme. An excellent 2012
review paper by Escher et al. of this group [1] gives detailed descriptions of both
the surrogate method and the current worldwide experimental programmes. The
results of modern (n,f ) surrogate measurements compare favourably with direct ex-
perimental data [14]. However, generally, for each isotope studied, this match breaks
down at lower excitation energies and also, in some cases, above the threshold for
second-chance fission [1].
The poorer performance of the surrogate method in certain energy regions is due
to a so-called spin mismatch and the breakdown of the validity of the Weisskopf-
Ewing approximation [15]. At low excitation energies the available levels which a
nucleus may occupy are discretely spaced in energy, with each level possessing a
unique Jpi assignment. As the excitation energy increases, the density of levels in-
creases until eventually a continuum of fragmented and overlapping states is reached.
At lower excitation energies, a very particular spin distribution must be imparted to
a target nucleus in order to populate the levels available with the same distribution
strength as in the desired reaction channel. A surrogate reaction may quite easily
populate a different spin distribution in this lower energy region, e.g. if the reaction
used tends to transfer very different values of Jpi.
For fissile nuclei at higher excitation energies, the (n,f ) channel is generally
dominant and the distribution of fragments generated, which may be altered by the
differing fission-decay channels taken, is not important. Rather, it is the integrated
(n,f ) cross section to all final products which is the value of concern. In other words,
although the decay path taken from a higher excitation energy state may be different
in the surrogate case compared to that of the desired reaction, it will still result in
the production of fission fragments and hence the same (n,f ) cross section.
The limitations of the surrogate method, due to spin mismatch, are greater
for the case of the (n,γ) reaction. The (n,γ) reaction is of importance to both the
nuclear industry and to an understanding of key astrophysical processes, such as the
stellar s− and r−processes [16]. Surrogate (n,γ) studies, by a number of authors,
including, Scielzo et al. [17], Escher and Dietrich [15], Forsse´n et al. [18], and Boutoux
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et al. [19] have shown that, for the current surrogate approach employed, a more
sophisticated application of theory is required to take into account the differences
in spin distribution between the desired and surrogate cases.
Another assumption made during early applications of the surrogate method
was that differences in both the type and relative strength of pre-equilibrium re-
actions, i.e. reactions occuring before the formation of the energy equilibriated
excited compound nucleus [20], could be ignored in both the desired and surro-
gate reaction channels. Pre-equilibrium reactions are sensitive to the nature of the
reaction entrance channel, given that they may include single-particle (or hole) ex-
citations which depend upon the configuration of the orbitals of the nucleus. The
configuration of orbitals is dependent upon whether the incident particle has been
captured, as in the case of a neutron-induced reaction, or has scattered and removed
nucleons, which could be the case in a direct reaction [21]. The effect of differing
pre-equilibrium reactions on the validity of the surrogate approach depends upon
the specific reactions, both desired and surrogate, being investigated.
Given the difficulties of extracting (n,γ) cross sections via the surrogate reaction
method, the group at LLNL has recently begun a different approach to utilising the
information from surrogate measurements [21]. This method (outlined in Figure 1.4)
begins with theoretically modelling the spin distribution FB
′′∗
β of the excited nucleus
produced in the surrogate reaction. This modelled spin distribution as a function
of excitation energy is compared against that expected in the desired reaction. If
the compound nucleus is expected to decay via the same pathways in both cases,
although not necessarily with the same branching ratios, then the surrogate reaction
is considered suitable.
The surrogate experiment is then performed and the probability PB
′∗
βχ of the
surrogate reaction, e.g. (p,t), occuring in coincidence with a decay in the desired
decay channel is measured. This probability can be expressed as
PB
′∗
βχ (Eex) =
∑
J,pi
FB
′∗
β (Eex, J, pi)G
B′∗
χ (Eex, J, pi) , (1.2)
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where, FB
′∗
β is the true physical compound nucleus spin distribution populated in
the surrogate reaction and GB
′∗
χ is the branching ratio for the decay of the compound
nucleus through channel χ. For example, in the case of the (p,t) reaction being used
as a surrogate for (n,γ), PB
′∗
βχ is the probability of measuring an outgoing triton in
coincidence with a γ-ray emitted during the decay of the compound nucleus at an
energy appropriate for the (n,γ) channel.
Next a calculation of this coincidence probability PB
′′∗
βχ is performed, using the
calculated spin distribution and calculated decay branching ratios GB
′′∗
χ . The calcu-
lated result PB
′′∗
βχ is compared against the measured P
B′∗
βχ .
Compound nucleus decay calculations are generally performed using the Hauser-
Feshbach method [22]. It is unlikely that the Hauser-Feshbach calculation will pre-
dict the correct branching ratios of the decay, although this match may be im-
proved by adjusting inputs based on measurements, where available, of neighbour-
ing isotopes. The set of physical parameters Ω(...) supplied to the code performing
the Hauser-Feshbach calculation, such as γ-ray strength functions, level densities,
etc [21,23], are varied within allowed tolerances until the calculated branching ratios,
combined with the calculated spin distribution, generate a value of the coincidence
probability which matches that recorded in the experiment, i.e. PB
′′∗
βχ = P
B′∗
βχ .
The spin distribution/compound nucleus formation cross section σB
∗
α (Eex, J, pi)
calculated for the desired reaction channel via an optical model calculation may
then be supplied to the same Hauser-Feshbach code along with the corresponding
decay branching ratios GB
∗
χ (Eex, J, pi) calculated using the parameters fitted to the
surrogate measurement. The sum over excitation energy, spin and parity of the
product of the calculated branching ratios and compound nucleus formation cross
section gives the complete cross section σαχ (Ea) for the desired reaction channel.
In parallel to the efforts to develop additional theory to ‘translate’ from a mea-
sured surrogate spin distribution to the optimal/expected one, new types of sur-
rogate reactions which may populate spin distributions closer to that expected in
the desired reaction are being investigated. Although early studies employed the
(t,p) reaction as a surrogate, (p,t) has only been investigated for this purpose very
1.1 Surrogate reaction method 8
Figure 1.4: Outline of the current surrogates methodology employed by LLNL [21].
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recently by e.g. Hughes et al. [12, 24] and only in a preliminary manner.
In this study we have therefore developed a model for performing (p,t) calcu-
lations over a range of excitation energies in order to predict the observables of a
typical surrogate measurement. The model has been designed to require only very
limited generic prior information regarding the target nucleus to which it is applied,
with the expectation that it can be taken and applied relatively quickly to a range of
isotopes in order to better inform the selection of candidate surrogate experiments,
i.e. those in which the spin mismatch is likely to be at a minimum.
This developed model has been applied to recent measurements, made in a par-
allel experimental study, of the 92Zr(p,t)90Zr reaction (see Chapter 4). These mea-
surements were performed by Jason Burke, Robert Casperson, Richard Hughes et
al. of the LLNL surrogate reactions group and were designed to yield information on
the (p,d) reaction as a possible surrogate for the (n,γ) reaction on the Zr isotopes,
with (p,t) data also collected due to the experimental setup. This author was not
a member of the experimental team, but was provided with access to the raw data
during the analysis phase. A short report on preliminary comparisons of the model
results against these experimental (p,t) data was previously published in Ref. [25].
1.2 (p,t) transfer reactions
Nuclear reactions may be divided into three broad categories; compound nucleus,
pre-equilibrium and direct. Reactions may be placed into these categories based
upon their timescales and also the number of interactions expected to occur between
the constituent nucleons of the target and the incident projectile nuclei [23].
Compound nucleus reactions occur over the longest timescales (≈ 10−15s) and
involve a large number of collisions and sharing of energy between the incident
particle and the nucleons present within the target nucleus. Direct reactions occur
over the shortest timescales (≈ 10−21s) and typically involve surface dominated
collisions between the incident particle and only one or two of the nucleons of the
target nucleus. Pre-equilibrium reactions occupy the middle ground between these
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two reaction types in terms of timescale and number of collisions [26].
At relatively low energies (of a few MeV per nucleon) direct reactions are more
likely to occur for charged incident particles, as the Coulomb potential between
the nuclei will hinder their ability to appreciably penetrate beyond the surface and
form a compound nucleus. For a significant fraction of direct reactions to occur,
the energy of the incident charged particle must also be higher than the Coulomb
barrier of the target nucleus, otherwise it will be deflected via Rutherford scattering
before a short-distance collision can take place [27].
Transfer reactions, a category of direct reactions, involve the transfer of a nu-
cleon, or a cluster of nucleons, either to or from a projectile when incident on a
target nucleus. When the projectile removes a nucleon from the target, e.g. in a
(p,d) reaction, it is referred to as pickup. When the projectile loses a nucleon, e.g. in
the (d,p) reaction, it is referred to as stripping. A comprehensive review of transfer
reactions is given in the book of Austern [28].
The (p,t) reaction was first studied in the 1950s, where a simple Plane Wave
Born Approximation approach (see Section 2.4) was applied to single-step transfers
of di-neutron clusters by e.g. El Nadi [29, 30]. The more sophisticated Distorted-
Wave Born Approximation (DWBA) was then applied by e.g. Glendenning [31],
which takes into account competing elastic and compound nucleus reaction chan-
nels. Methods were developed by Moshinsky [32], and later extended by Bayman
and Kallio [33], to translate the wavefunctions of two individual neutrons into that
of a single di-neutron cluster and to calculate the probability amplitudes for such
configurations.
These early calculations assumed a zero-range approximation to the triton wave-
function which forbids the population of so-called unnatural -parity states in the re-
action when an even-even nucleus is considered as the target (see Section 2.6). ‘For-
bidden’ transitions were however observed in (p,t) reactions on a number of isotopes.
Methods for incorporating two-step processes into (p,t) DWBA calculations were de-
veloped by e.g. Takacsy [34,35], which allowed these previously forbidden transitions
to occur. Two-step processes were also found to be required to explain the cross
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sections and angular distributions measured for a number of natural-parity transi-
tions which had previously only been considered using standard one-step DWBA
calculations, e.g. the 116Sn(p,t)114
0+gs
Sn reaction [36].
A number of authors, including e.g. Nagarajan et al. [37,38], found that a number
of these forbidden transitions or discrepent datasets could instead be explained by
introducing a more realistic finite-range triton wavefunction into calculations. This
more realistic wavefunction included small higher angular momentum components,
which allowed for the population of unnatural-parity states.
Methods beyond the DWBA approach, such as coupled channels calculations
have also been applied extensively to (p,t), by e.g. Thompson [39]. These cal-
culations are able to demonstrate the contributions and importance of competing
reaction pathways.
Recent theoretical and experimental studies by Potel et al. have reassessed the
importance of incorporating a two-step mechanism into two-neutron transfer reac-
tions [40–44]. The finding of these studies is that the dominant reaction mechanism
in (p,t) transfer is a sequential two-step pickup of the two neutrons. Although a
one-step transfer process is also predicted, this is assessed to be a much weaker
process due to the lower strength of the three-body potential required to mediate
the transition. Despite this finding, the results suggest that calculations using a
one-step transfer mechanism will still predict the correct relative magnitudes of the
different components of the final nucleus’ spin distribution, but will not correctly
predict their absolute magnitudes.
For the application of (p,t) calculations to surrogate reactions, the absolute mag-
nitudes of the spin distribution components are not too important and it is the
relative magnitudes that are exploited. Therefore, the standard one-step DWBA
approach, using a zero-range approximation and applied only to spherical nuclei,
will be used in this study. Multi-step and/or higher-order processes will only be
considered if forbidden states are observed in the experimental data or there are
large discrepencies when attempting to match the measured data for allowed transi-
tions. They would also have to be considered as standard if the model were applied
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to nuclei with strong coupling to collective modes of excitation [45].
Measurements of (p,t) have previously been performed for the Zr isotopes by Ball
et al. [46,47] along with comparisons against theoretical calculations. Given a desire
to create a generic (p,t) model which can be applied to any target nucleus, regardless
of prior data being available or not, we have not used this prior study to influence the
model’s development. However, we do compare the excited level structure predicted
against these earlier Zr(p,t) data in Chapter 5. Furthermore, we are influenced
by this previous work in that their assessment is that, for (p,t) reactions on Zr,
higher-order processes are not required and a simple one-step DWBA approach is
sufficient.
The principal experimental data compared to in this study are 92Zr(p,t) data
measured as part of the, previously discussed, parallel LLNL study of (p,d) reactions
on the Zr isotopes. In particular a comparison will be made against both the recorded
triton spectrum, as a function of energy and angle, and the γ-ray cascade of the
decaying excited compound nucleus.
The main body of this work is divided into the following chapters. Chapter 2
describes calculations of two-neutron transfer reactions, including both the dynam-
ical DWBA component and necessary structural factors. Chapter 3 describes the
specifics of performing these calculations for the Zr isotopes as well as the methods
for determining the energy spectrum of the states excited in 90Zr. Chapter 4 out-
lines the experimental setup and how the theoretical results must be presented to
allow detailed comparisons with the measured data. Chapter 5 reports the results
of this study and the comparison against the experimental data. Chapter 6 outlines
potential paths and methods for enhancing or extending the developed model and
finally Chapter 7 provides a summary of the work performed, draws conclusions and
identifies potential areas of future study.
Chapter 2
Two-Neutron Transfer Reactions
In this chapter we develop and describe the necessary formalism for calculating the
physical quantities of two-neutron transfer (p,t) reactions. In order to simplify the
development of our (p,t) model we begin by studying specific, important cases. We
make the following assumptions:
• The target nucleus is even-even, i.e. it possesses even numbers of both pro-
tons and neutrons, is spherical, and in its ground state has a spin and parity
assignment of Jpi = 0+.
• The two neutrons are transferred simultaneously, in one step, as a single spin-
singlet di-neutron object, with zero intrinsic angular momentum.
In Chapter 6 we explore the validity of these assumptions and also describe pathways
for incorporating additional physics into our model.
2.1 The Nuclear Shell Model
The single / independent-particle nuclear shell model shares many analogies with
the atomic shell model. As in the case of electrons, nucleons are fermions (particles
with an intrinsic spin of s = 1/2) that sequentially fill discrete orbits of a central
potential. The filling of these shell model orbits, or single-particle states, follows
simple rules; in particular these must be consistent with the Pauli exclusion principle.
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The exclusion principle states that two fermions cannot occupy the same space whilst
having the same set of quantum numbers.
The quantum numbers of the (spherical) shell model are n, l, s, j and m. The
principal quantum number n is related to the single-particle energy and number of
radial nodes in a nucleon’s wavefunction. Here we adopt the convention that the
lowest energy state has n = 0. The orbital angular momentum is given by l, s is
the intrinsic spin angular momentum, and j is the total angular momentum of the
nucleon. Finally, m is the magnetic substate of the nucleon which is the projection
of j onto an arbitrary z-axis.
Protons and neutrons occupy the single-particle orbitals independently of each
other, as the two particle types differ by an additional quantum number, referred to
as isospin projection.
States are labelled according to their values of n, l (and j), with the l values given
by their historical, spectroscopic letter notations. Table 2.1 gives the corresponding
letter for each value of l.
l letter s p d f g h i
l value 0 1 2 3 4 5 6
Table 2.1: Spectroscopic notation for different values of l.
In the atomic shell model case, the central potential is due to the electromagnetic
force due to the positively charged nucleus. However, in the nuclear shell model,
the potential is instead an average central (or mean field) potential generated by
the strong nuclear force of the other nucleons present in the nucleus. More strictly,
this is the independent-particle shell model, since in complete shell model calcula-
tions (see Section 3.2.4) the effects of the inter-nucleon forces (residual interactions)
are also taken into account. In the development of the independent-particle shell
model a number of different forms for the potential were explored. Nucleons which
populate states in the same nucleus, but with differing quantum numbers, will have
wavefunctions of differing energies. The greater the energy of a nucleon’s orbit,
the smaller its binding energy in the nucleus. It is found that there are significant
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energy gaps between groups of orbitals. Groupings of orbitals between energy gaps
are referred to as shells.
The existence of these shells is reflected in physical observables and trends in
nuclear properties through the ranges of N and Z on the Segre´ chart (Figure 1.1).
It is found that nuclei with numbers of protons and neutrons which correspond to
complete fillings of shells are more stable than nuclei with only partially filled shells.
The numbers of protons and neutrons which correspond to filled shells are referred
to as magic numbers. These magic numbers are found empirically to be: 2, 8, 20, 28,
50, 82 and 126. Significant sub-shell gaps are also found for some nuclei at N,Z =
40 and 64 [48]. These magic numbers are also eroded and/or new magic numbers
emerge in exotic nuclei with abnormal N and Z contributions [48].
In order to calculate the energy of a state in a quantum system, the Schro¨dinger
equation must be solved for the state’s wavefunction [49]. The time-independent
Schro¨dinger equation which is appropriate for a stationary state such as a bound
nucleon, is given by
HˆΨ(~r) = EΨ(~r) . (2.1)
Here Ψ is the wavefunction of the bound nucleon, E is the energy of the state and
Hˆ is the Hamiltonian operator which contains terms for both the kinetic energy of
the nucleon and its energy due to the binding potential well of the nucleus;
[−~2
2µ
∇2 + V (~r)
]
Ψ(~r) = EΨ(~r) , (2.2)
where V includes the central (plus spin-orbit) potential acting upon the nucleon and
µ is its reduced mass.
The potential used in calculations of the Schro¨dinger equation for the single-
particle orbitals in the independent-particle shell model must reproduce these magic
numbers along with other observed quantities. The simplest potential to apply is
that of a square well with radius R, where the nucleons experience an attractive
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potential V (r) described by
V (r) = −V0 r ≤ R
V (r) = 0 r > R ,
(2.3)
in addition to a repulsive Coulomb potential for the case of protons.
This square well however is an oversimplification and also does not reproduce
the expected magic numbers [50]. The harmonic oscillator is another simple class
of potential which may be applied. It has the form
V (r) =
1
2
mω2r2 , (2.4)
where m is the mass of the nucleon, r its radial distance from the potential’s centre
and ω the angular frequency of the oscillator [3]. Solutions for nucleon wavefunc-
tions in an oscillator potential perform much better than those of the square well.
However, the calculated magic numbers, or shell closures, do not match the physical
data above N , Z = 40. In addition, many orbitals, e.g. (1s, 0f), (1p, 0f), are
degenerate in energy which was not the case for the square well potential.
The potential most often used is referred to as a Woods-Saxon potential and
developed from an extension of the harmonic oscillator case, where the bottom of
the well was flattened by the introduction of an attractive l2 term [50]. This levelling
of the bottom of the well serves to lift the degeneracy of the calculated levels. The
form of the central Woods-Saxon potential is
V (r) = − V0
1 + e
r−R
a
, (2.5)
where a is the diffuseness of the potential, where 4.4a equals the radial distance over
which the potential falls from 90% strength to 10%. The radius of the potential
R is equal to r0 × A1/3 where A is the mass of the nucleus and r0 is the radius
parameter for the potential. Unfortunately, single-particle orbitals calculated using
this potential form do not completely match the experimentally measured shell gaps
and occupancies. An additional attractive spin-orbit term is required to be added to
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the Woods-Saxon potential. This spin-orbit term is a predominantly surface effect
and has the form
Vso(r) = Vls
[
2
(
~
µc
)2
1
r
d
dr
{
1
1 + exp
[
r−R
a
]}]~l · ~s , (2.6)
where Vls is the strength of the spin-orbit interaction. The spin-orbit operator ~l · ~s
is dependent upon how ~l and ~s couple to form the total angular momentum j of the
nucleon and is given by
~l · ~s = 1
2
[j(j + 1)− l(l + 1)− s(s+ 1)] . (2.7)
This value will differ depending upon whether j = l+ s or j = l− s. The energies of
states calculated using a potential which includes this spin-orbit term will therefore
depend on j and previously predicted single-particle orbitals are now split in energy.
The maximum occupancy of each of these split levels is equal to 2j + 1. Figure 2.1
gives the shell model level structure and occupancies predicted by this final poten-
tial and Table 2.2 outlines the rules governing the allowed values of each quantum
number.
Quantum number Values
n n =0, 1, 2, . . .
l l =0, 1, 2, . . .
s s = 1/2
j j = l ± s, j > 0
m −j ≤ m ≤ +j
Table 2.2: The rules governing the allowed values of the independent-particle shell
model quantum numbers.
These single-particle levels, calculated via the Woods-Saxon potential plus spin-
orbit term, and their associated quantum numbers are considered to be a good
representation of reality for nucleons near the Fermi-surface in spherical nuclei, close
to the line of nuclear stability (see Figure 1.1). For deformed or very unstable nuclei
the single-particle description needs modifications and new level schemes and good
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Figure 2.1: Single-particle states in the independent-particle shell model and shell
occupancies predicted using different forms for the potential. Figure taken and
adapted from Ref. [50].
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quantum numbers are required, such as the Nilsson model approach [51]. If our
model is extended to non-spherical nuclei, we must take these differences in single-
particle structure into account. We will briefly consider the changes necessary for
extending the model to non-spherical nuclei in Chapter 6.
2.2 Optical Model Potentials
A relatively simple compound nucleus reaction model is that of the optical model.
In this model, the wavefunction representing a nucleon, or light nucleus, incident
on a target nucleus is calculated assuming it experiences a mean field potential,
including an absorption channel, due to the other nucleons present and the presence
of inelastic channels [52, 53]. This type of scattering is similar to that of light
incident on a partially opaque sphere. This potential includes both attractive real
and negative imaginary terms.
The imaginary term simulates the absorption of particles into the compound
nucleus formed in the reaction. In other words, the potential does not conserve
particle flux.
The real term of the potential is generally a combination of a Woods-Saxon
volume potential, a spin-orbit term, and, if the incident particle is charged, an
additional Coulomb term. The imaginary potential generally consists of a Woods-
Saxon volume potential and a surface term.
In this study we are not explicitly concerned with calculating compound nucleus
reactions, but in the Distorted-Wave Born Approximation (DWBA), to be described,
the effect of competing inelastic and compound nucleus reaction channels is taken
into account via optical model potentials (OMPs). The form of the OMP used in
the DWBA code twofnr in this study (described later in Section 2.4.1) is
V (r) = −{Vv(r) + iWf (I)(r)}+ Vso(r) + Vc(r) . (2.8)
Here, Vv(r) is the real part of the volume potential with the same form as Equation
(2.5). The total strength of the imaginary part of the volume potential is given by
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W , with f (I) its corresponding form factor given by
f (I)(r) = (1− Ws
(Wv +Ws)
)
1
1 + exp
[
(r−RI)
aI
] + 4 Ws
(Wv +Ws)
exp
[
(r−RI)
aI
]
{
1 + exp
[
(r−RI)
aI
]}2 ,
(2.9)
where Ws is the strength of the imaginary surface potential and Wv is the strength
of the imaginary volume potential (W = Wv + Ws). The real spin-orbit potential
Vso has the same form as Equation (2.6). The (real) Coulomb part of the potential
Vc is given by
Vc =
1
2Rc
(
3− r
2
R2c
)
zZe2 r ≤ Rc , (2.10)
Vc =
1
r
zZe2 r ≥ Rc , (2.11)
where, z and Z are the charges of the projectile and target respectively and e is the
charge of the electron. The radii Rx of each potential term are given by
Rx = rx × A1/3 x = I, c ,
where rx is the appropriate radius parameter.
2.3 Spectroscopy
The nucleon states in a nucleus, as understood in terms of the single-particle states
of the shell model, may be experimentally investigated using reactions which excite,
add or remove nucleons, such as single-particle transfer reactions, e.g. (p,d) or (d,p),
in an approach often referred to as nuclear spectroscopy [54]. The short reaction
timescales of direct transfer reactions, combined with the assumed interaction of
the incident particle with only one, or possibly two, nucleons in the target nucleus,
allows for the excitation of particle, or hole, states in the residual nucleus.
The orbital angular momentum l of the particle or hole state, can be determined
by an analysis of the angular distribution of the outgoing light particle, as this is
determined by the angular momentum transferred by the stripped, or picked up,
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nucleon(s) (see Section 2.4).
The analysis of direct transfer reactions is often carried out via the DWBA
method. In an example case: a target (A+1)-body nucleus is bombarded by a beam
of protons which pickup neutrons from the valence orbitals (or more deeply bound
orbitals if the proton energy is high enough) via the (p,d) reaction. The angular
distribution of the outgoing deuterons, within a small energy range, is measured and
compared with DWBA calculations to determine from which orbital the neutron has
been taken. The residual nucleus may be left in an excited state, due to the hole
created, and will subsequentally decay, generally via the emission of γ-rays or, if
above a particle threshold, by particle emission. Either via measurement of the
decay of this excited hole state, or of the outgoing deuteron, the energy of the
populated excited state in the residual A-body nucleus can be determined.
So, via the study of the energies and angular distributions of these excited states,
it is possible to build up a picture of the excited level structure of those states of
the residual nucleus that have a strong overlap with a single-hole configuration.
Two-nucleon transfer reactions can also be studied using the same framework.
However, the transferred angular momentum is carried by a pair of nucleons and so
does not correspond directly to the angular momentum of the single-particle states of
each transferred nucleon. Instead, the study of these reactions is typically performed
to investigate the strength of the correlations and pairings between nucleons in the
single-particle states of the independent-particle shell model (including identifying
nuclei in which superconducting Cooper pairs may be formed) [40,43,55].
Two-nucleon transfers from (A + 2)-nucleon nuclei may also be used to study
the excited level structure of the residual A-nucleon nucleus, especially those states
which may only be weakly populated via single-particle pickup reactions from the
(A+ 1) system.
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2.4 Distorted-Wave Born Approximation
The quantities of interest to be calculated for a transfer reaction are the angle-
integrated cross section σtot and the differential cross section
dσ
dΩ
(θ) for populating
a specific final state. Due to the kinematics of a transfer reaction, the differential
cross section, that determines the angular distribution of the light particle following
the collision, will depend upon which state is populated in the residual nucleus.
Therefore, this allows theoretically calculated angular distributions to be used to
determine which state has been populated, and with what strength, in an experiment
via the measurements of angular distribution and cross section magnitude.
In the DWBA approach, the transfer reaction is treated as a perturbation (or
low strength interaction) acting on the incoming wavefunction. This perturbation
acts only once.
The differential cross section for the (p,t) reaction occuring for a proton, with
wave vector ~kp and spin projection σp, incident on a mass (A+2) nucleus with initial
spin and parity of J ′pi
′
producing an outgoing triton, with wave vector ~kt and spin
projection σt, and populating a specific J
pi state in the residual mass A nucleus is
given by
dσ
dΩ
(
J ′pi
′ → Jpi
)
=
µpµt
(2pi~2)2
kt
kp
1
(2Sp + 1)(2J ′ + 1)
∑
σpσtMM ′
∣∣∣∣TJMσt,J ′M ′σp(~kt, ~kp)∣∣∣∣2 .
(2.12)
We are assuming that the beam of protons is unpolarised and that the spin substates
of the triton are not measured, so we must sum and average over the contributions
from the different possible spin substates for the proton and triton as well as the
initial and residual spin projections, M ′ and M respectively, of the nucleus. We
must also average the cross section over the spin of the target nucleus J ′, the incident
proton Sp and scale by various physical constants and phase space parameters, i.e.
the reduced masses µp and µt, and the wave-numbers kp and kt.
The vector T matrix TJMσt,J ′M ′σp(~kt, ~kp) is the probability amplitude of the reac-
tion [54]. The T matrix for this reaction may be written exactly, in Dirac’s bra(c)ket
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notation [56], as
Tβ,α =
〈
ψ
(−)
β Φβ|Vβ,α|Ψα(ξα)
〉
. (2.13)
Here α contains the set of entrance channel quantum numbers of both the target and
projectile in the incident channel as well as the kinematic factors, e.g. the proton
wave vector. In the entrance channel Ψα(ξα) is the exact wavefunction for the
proton + (A+ 2)-body target nucleus with ξα representing all possible coordinates,
i.e. spatial, spin, energy, etc. In the out-going channel β contains the quantum
numbers and kinematic factors present with ψ
(−)
β the outgoing wavefunction for the
emitted triton, including information regarding both its motion and its internal
interactions. The wavefunction of the residual A-body nucleus following the (p,t)
reaction is Φβ. Finally, Vβ,α is the potential coupling the ingoing and outgoing
channels of the reaction.
Unfortunately, solving such an exact many-body problem is rarely tractable and
we must introduce approximations. In the case of the entrance channel for the
(p,t) reaction, we assume that the target nucleus is in its ground state and that
the reaction is a single-step transfer which leaves the residual nucleus with a two
particle hole (except where the outermost two valence neutrons are transferred). We
therefore explicitly forbid collective modes of excitation, single-particle excitations,
multi-step transfer, scattering on excited states, and reactions occuring on states
excited by prior protons in the same beam. We also assume that the two transferred
neutrons are taken from pure single-particle shell model states. This is the standard
Distorted-Wave Born Approximation for particle transfer [54].
The entrance channel is approximated as
|Ψα(ξα)〉 →
∣∣∣∣∣∣Φ(A, 1, 2)J ′M ′
∑
σ′p
χ
(+)
pσ′pσp
(~kp, ~rp)φpσ′p
〉
. (2.14)
Here, Φ(A, 1, 2)J ′M ′ is the wavefunction for the target (A + 2)-body nucleus in its
ground state, φpσ′p is a wavefunction describing the internal structure of the pro-
ton (we only concern ourselves with the spin of the proton here and not the finer
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structure of quarks, gluons, etc) and χ
(+)
pσ′pσp
(~kp, ~rp) is a distorted wavefunction for
the incident proton, with initial and final spin projections σp and σ
′
p respectively.
A distorted wave is a solution to the Schro¨dinger equation for a plane wave
which has been scattered by an appropriate OMP. In the (p,t) reaction, this has the
effect of taking into account the non-elastic and elastic scattering reactions which
the incident protons and outgoing tritons implicitly undergo, including the removal
of flux from the incident and outgoing channels.
The exit channel is approximated as
∣∣∣ψ(−)β Φβ〉→
∣∣∣∣∣∣Φ(A)JM
∑
σ′t
χ
(−)
tσ′tσt
(~kt, ~rt)φtσ′t(~ρ, ~r)
〉
. (2.15)
Here Φ(A)JM is the wavefunction for the residual A-body nucleus, χ
(−)
tσ′tσt
(~kt, ~rt) is the
distorted wavefunction for the outgoing triton and φtσ′t is the wavefunction describing
the internal structure of the triton with ~ρ and ~r its internal spatial coordinates.
The internal triton wavefunction may be decomposed into the product of several
uncoupled components;
φtσ′t(~ρ, ~r) =
∑
σ′pΣz
(
Spσ
′
pSΣz|Stσ′t
)
φ2n(~r)f(~ρ)φpσ′pXnΣz(s1, s2) . (2.16)
Here, Sp, σ
′
p, S, Σz, St and σ
′
t are the spins and spin projections of the proton,
neutron pair and triton respectively, φ2n(~r) is a wavefunction describing the motion
of the two neutrons relative to one another, and f(~ρ) is a wavefunction describing
the motion of the proton relative to the centre-of-mass of the neutron pair. We shall
assume that φ2n(~r) and f(~ρ) are zero orbital angular momentum (0s) states and
so the total angular momentum of the triton is due to the coupling of the intrinsic
spins of the proton and neutron pair, i.e. Jt = St. The coupling of the spins to form
St is given by the Clebsch-Gordon coefficient
(
Spσ
′
pSΣz|Stσ′t
)
.
Here, φpσ′p is again a wavefunction describing the internal structure of the proton.
As stated earlier, we assume that the proton has no internal structure and so φpσ′p
may be replaced by a spin wavefunction (spinor) Xpσ′p in both Equations (2.14) and
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(2.16). The spin wavefunction XnΣz(s1, s2) for the neutron pair with spins s1 and
s2 is given by
XnΣz(s1, s2) =
∑
σn1σn2
(1/2σn11/2σn2|SΣz)Xσn1Xσn2 , (2.17)
where σn1,2 andXσn1,2 are the spin projections and spinors for the individual neutrons
respectively.
The potential governing the reaction is also approximated as
Vβ,α → Vp(A)(~rp) + Vpn1(~rp1) + Vpn2(~rp2)− Up(~rp) .
The components Vpn1 and Vpn2 are the interactions between the proton and each
neutron inside the triton, Vp(A+2) is the potential between the proton and the (A+2)
nucleons of the target nucleus, and Up is the OMP which distorts the in-going proton
wavefunction. The form for the potential given above is the prior form, in that it
is written in terms of the proton (in-going channel). It would have also been valid
to write the matrix element and transition interaction Vβ,α in terms of the triton
(out-going channel). We assume Vp(A+2) ≈ Up and so we may further approximate
the transfer interaction to
Vβ,α → Vpn1(~rp1) + Vpn2(~rp2) .
It is useful at this stage to introduce the coordinate system for the (p,t) (or
(t,p)) reaction. This is given in Figure 2.2. Here the neutrons n1 and n2 combine
with A to form the (A + 2)-body nucleus in the incident channel and then n1 and
n2 combine with p to form the triton in the outgoing channel, leaving the residual
A-body nucleus.
Both neutrons will be taken from specific single-particle shell model states in
the target nucleus and can be described by normalised bound-state wavefunctions.
These bound-state wavefunctions will be solutions of the Schro¨dinger equation (see
Equation (2.2)) for a Hamiltonian containing an appropriate attractive potential for
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Figure 2.2: (p,t) or (t,p) two-neutron transfer coordinate system.
the (A+1)-nucleon core to which the neutron is bound (as discussed earlier in the
chapter).
These bound-state wavefunctions have the form
φmnlj(~ri) =
∑
lzσ
(llzsσ|jm) unlj(ri)
ri
Y lzl (rˆi)Xσ(s) , (2.18)
where, unlj(ri) is a radial wavefunction and Y
lz
l (rˆi) is a spherical harmonic: a func-
tion of the angular coordinates of ~ri, i.e. Y
lz
l (rˆi) = Y
lz
l (θ, φ). The normalisation
condition is that
∫∞
0
[unlj(ri)]
2 dri = 1.
The overlap of the wavefunction of the target nucleus in its initial and residual
states is given by
〈
Φ(A)JM
∣∣∣∣Φ(A, 1, 2)J ′M ′〉 = ∑
Iµ
CγJ ′JI (IµJM |J ′M ′) [φj1(1)⊗ φj2(2)]Iµ . (2.19)
Here, γ is the set of quantum numbers of the pair, i.e. γ ≡ {n1l1j1, n2l2j2}, and
(IµJM |J ′M ′) is a Clebsch-Gordon coefficient giving the strength of the coupling
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of the various angular momenta. The various angular momenta involved in the
transfer are illustrated in Figure 2.3. The term [φj1(1)⊗ φj2(2)]Iµ represents an
anti-symmeterised wavefunction for the transferred neutron pair coupled to Iµ, con-
structed from their bound-state wavefunctions of the same form as Equation (2.18).
Finally, CγJ ′JI is the two-nucleon amplitude for the overlap.
The two-nucleon amplitude measures the extent to which the target (A+ 2)J ′M ′
nucleus is built upon the residual AJM nucleus plus the two transferred neutrons
with quantum numbers γ coupled to Iµ. The calculation of CγJ ′JI will be discussed
later.
In order to perform a single-step two-neutron transfer calculation we shall as-
sume that the two neutrons are transferred as a di-neutron object. The angular
momentum couplings involved in the transfer, in this di-neutron approximation, are
given in Figure 2.3 and the coordinates given in Figure 2.2.
Figure 2.3: The various quantum numbers, angular momenta and their couplings
present in the (A+2)-body target nucleus in the entrance channel in both the two
neutron and di-neutron approaches. In the di-neutron approach, the two neutrons
have an orbital angular mometum relative to each other of λ and a combined orbital
angular momentum relative to the A-nucleon core of L. These two orbital angular
momentum components couple to form Λ. The pair have a total angular momentum
I with projection µ. The quantum numbers N and ν refer to the number of radial
nodes in the di-neutron’s wavefunction relative to the A-nucleon core and internally
between the two neutrons respectively. Figure taken and adapted from Ref. [57].
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In order to derive the DWBA formalism appropriate for the transfer of a single
di-neutron, it is necessary to move from a jj to an LS coupling scheme [32]. This is
accomplished by multiplying Equation (2.19) by a transformation coefficient. The
form of this coefficient depends on whether the two neutrons are removed from the
same or different states. The form given below is that appropriate for two neutrons
taken from the same state. We will assume from now on that both neutrons are
taken from the same state, with n1 = n2 = n, l1 = l2 = l, etc. The spins of each
neutron are also separated from the bound-state wavefunctions and incorporated
into a di-neutron spin wavefunction〈
Φ(A)JM
∣∣∣∣Φ(A, 1, 2)J ′M ′〉 = ∑
ΛΛzSΣzIµ
(ΛΛzSΣz|Iµ)XnΣz(s1, s2)
×CγJ ′JI (IµJM |J ′M ′) [φnl(1)⊗ φnl(2)]Λ

l s j
l s j
Λ S J
 .
(2.20)

l s j
l s j
Λ S J
 = {[Λ][S][j][j]} 12

l s j
l s j
Λ S J
 where

l s j
l s j
Λ S J
 is a 9-j coeffi-
cient and [X] = 2X + 1 and is referred to as a statistical factor.
Next, we wish to recast the anti-symmeterised wavefunction of the pair in terms
of the di-neutron coordinates ~r and ~R (see Figures 2.2 and 2.3). This is acheived by
introducing a Moshinsky bracket 〈νλ,NL; Λ|n1l1, n2l2; Λ〉, which gives the strength
of the overlap between two neutrons in single-particle states with quantum numbers
γ coupled to total orbital angular momentum Λ and a di-neutron with quantum
numbers ν, λ,N, L also coupled to Λ,
[φnl(1)⊗ φnl(2)]Λ =
∑
NLνλ
〈νλ,NL; Λ|nl, nl; Λ〉 [φνλ(~r)⊗ φNL(~R)]Λ . (2.21)
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[φνλ(~r)⊗ φNL(~R)]Λ can be expanded as follows,
[φνλ(~r)⊗ φNL(~R)]Λ = gγ
∑
mλmL
(λmλLmL|ΛΛz) uνλ(r)
r
Y mλλ (rˆ)
UNL(R)
R
Y mLL (Rˆ) ,
(2.22)
where, uνλ and UNL are radial wavefunctions for the relative motion of the two
neutrons about each other and for the di-neutron about the A-body nucleus respec-
tively. The normalisation factor gγ is dependent upon whether the two neutrons are
taken from the same or different states in the target nucleus. The appropriate form
of gγ will be discussed later.
We now assume the simplest cluster model, i.e. that the di-neutron is a spin-zero
object and that the two neutrons within it exist in lowest energy 0s single-particle
orbitals with zero relative orbital angular momentum between them [58], i.e. ν =
λ = 0. The two neutrons within a triton exist in the same configuration (ignoring a
negligible higher angular momentum component) [45] and so this assumption leads
to the greatest possible overlap of the initial and final state wavefunctions for the
pair. Also, as we assume that the di-neutron carries no spin, the entire spin of the
triton is due to the proton.
We also constrain ourselves to cases where the target nucleus in the incident
channel has a spin-parity of J ′pi
′
= 0+. With these assumptions, our expression for
the overlap of the target nucleus’ wavefunction in both channels becomes
〈
Φ(A)JM
∣∣∣∣Φ(A, 1, 2)0+〉 = gγ∑
Lµ
CγLJ (LµJM |00) 〈00, NL;L|nl, nl;L〉
× u00(r)
r
Y 00 (rˆ)
UNL(R)
R
Y µL (Rˆ)

l s j
l s j
L 0 J
XnΣz(s1, s2)
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= gγ
∑
Lµ
δLJδµ−MCγLJ
(−1)L−µ
(2J + 1)
1
2
〈00, NL;L|nl, nl;L〉
× u00(r)
r
Y 00 (rˆ)
UNL(R)
R
Y µL (Rˆ)

l s j
l s j
L 0 J
XnΣz(s1, s2)
= gγCγJ
(−1)J+M
(2J + 1)
1
2
〈00, NJ ; J |nl, nl; J〉 u00(r)
r
Y 00 (rˆ)
UNJ(R)
R
Y −MJ (Rˆ)

l s j
l s j
J 0 J
XnΣz(s1, s2) .
(2.23)
In the above we have used the known relationship (LµJM |00) = δLJδµ−M (−1)L−µ
(2J+1)
1
2
.
We must also change the approximation of the transition interaction to one
appropriate for the interaction between the proton and a single cluster rather than
two individual neutrons
Vpn1(~rp1) + Vpn2(~rp2) ≈ Vp2n(~ρ) .
We will also assume that the interaction has no spin-orbit component and fur-
thermore, for simplicity in our derivation of the DWBA formalism, we will also make
the same approximation for the distorting proton and triton OMPs. These approx-
imations mean that the spin projection of the proton is unaffected by the transition
and hence the spin-projection of the triton is simply equal to that of the incident
proton, i.e. σt = σp.
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With these assumptions and approximations our expression for the T matrix is
now
TJMσp(~kt, ~kp) =
(−1)J+M
(2J + 1)
1
2
gγCγJ 〈00, NJ ; J |n1l1, n2l2; J〉

l s j
l s j
J 0 J

×
∫
Vp2n(~ρ)f(~ρ)
∗φ2n∗(~r)
u00(r)
r
Y 00 (rˆ)
UNJ(R)
R
Y −MJ (Rˆ)χ
(+)
pσp(
~kp, ~rp)χ
(−)∗
tσt (
~kt, ~rt)d~rtd~ρd~r .
(2.24)
Here we have omitted the di-neutron and proton spin wavefunctions as they are
unchanged by the interaction. The calculation of the overlap integral of the relative
motion of the two neutrons within the di-neutron in each channel will be discussed
in more detail later. For now, we simply set this equal to a constant
Ων=0 =
∫
φ2n∗(~r)
u00(r)
r
Y 00 (rˆ)d~r . (2.25)
A number of terms related to the overlap of the structure of the target nucleus
and di-neutron in both channels can be separated out from the dynamical part of
the DWBA calculation and included within a structural factor G. This structural
factor can be calculated separately and is given by
GγNJ = gγβγJΩ0 〈00, NJ ; J |nl, nl; J〉 . (2.26)
Here, βγJ is a parentage factor which includes both the two nucleon amplitude
and the jj → LS transformation coefficient. The T matrix is now separated into
structural and dynamical components,
TJMσp(~kt, ~kp) = GγNJ
∑
σpM
T ′JMσp(
~kt, ~kp) .
The calculation of the various components of G will be discussed later in the chapter.
Another common approach in the DWBA method is to assume a zero-range
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approximation for the potential Vp2n. This assumption assumes that the interaction
between the proton and di-neutron cluster takes place at only a single point and
therefore ~ρ → 0. This approximation replaces a potential which varies with the
relative proton/di-neutron spatial coordinate with a potential acting as a δ-function
at a single point, i.e. f(~ρ)∗Vp2n(~ρ) ≈ D0δ(~ρ). This allows us to further reduce the
dimensionality of our expression for the T matrix as
∫
f(~ρ)∗Vp2n(~ρ)d~ρ = D0 .
There are several methods for estimating the magnitude of D0, which generally give
consistent results [55]. For a (p,t) or (t,p) reaction and realistic Vp2n, f(~ρ) and
φ2n(~r), D0 is typically taken to have a value of -469 MeV·fm3/2 [59, 60].
As a result of this zero-range approximation we also find that ~rt = ~R and ~rp =
A
A+2
~R.
Our expression for T ′ is now
T ′JMσp(
~kt, ~kp) =
(−1)J+M
(2J + 1)
1
2
∫
D0χ
(+)
pσp(
~kp, ~rp)χ
(−)∗
tσt (
~kt, ~rt)
UNJ(R)
R
Y −MJ (Rˆ)d~rt .
(2.27)
The two distorted waves, χ
(+)
pσp and χ
(−)
tσt , may be expanded in terms of partial waves.
A distorted wave can be decomposed as a sum of partial waves, each with their own
unique value of l (and m if the wave is unpolarised and spin effects are important)
with the effect of the potential on the nucleons in each partial wave calculated inde-
pendently of the others and the total effect of the interaction on reaction observables
calculated by summing over the complete set of partial waves [61].
The expansion of each wavefunction will take into account the effect of the various
components of the OMP distorting the wave in that channel, including the nuclear,
Coulomb and spin-orbit components. However, for our current purposes we will
introduce a further approximation in order to highlight a very important aspect of
DWBA physics. It should be noted that this approximation was not adopted for
the actual calculations made in this study.
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We make the approximation that the OMPs responsible for distorting the inci-
dent and outgoing waves are of zero strength. In this case the distorted waves take
on the form of simple plane waves;
χ(+)pσp(
~kp, ~rp)→ ei~kp·~rp → ei~kp· AA+2 ~R
χ
(−)
tσp (
~kt, ~rt)→ ei~kt·~rt → ei~kt·~R
and we may introduce a plane wavefunction representing the difference between the
incoming and outgoing plane waves, i.e. being due to the transition which in our
case is the pickup of the bound di-neutron by the incident proton,
ei(
~kp
A
A+2
~R−~kt ~R) = ei(
~kp
A
A+2
−~kt)·~R → ei~kn·~R .
Here ~kn is the ‘wave vector’ of the bound di-neutron’s wavefunction and e
i~kn·~rn
may be expanded as a sum of partial waves of differing angular momentum l and
projection m,
ei
~kn·~R = 4pi
∑
lm
iljl(knR)Y
m
l (kˆn)Y
∗m
l (Rˆ) , (2.28)
where jl are spherical Bessel functions [61]. The Jacobian determinant of d~R in
spherical polar coordinates is given by;
d~R = R2dR sin θdθdφ .
Using the following orthogonality relation for spherical harmonics [62],
∫
Y ∗ml (Rˆ)Y
−M
J (Rˆ) sin θdθdφ = δm−MδlJ ,
we see that only partial waves corresponding to the transferred angular momentum
J will contribute to T ′.
As the magnitude of ~kn depends upon the angle between the incident proton and
outgoing triton θ~kp→~kt , the expression for T
′, and hence dσ
dΩ
is therefore dependent
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on the scattering angle, i.e. dσ
dΩ
∝ ∫ RUNJ(R)jJ(knR)dR = I(θ~kp→~kt). This means
that ~kn, equal to ~kp − ~kt, is simply related to the Fourier transform of the bound
di-neutron’s wavefunction. Therefore, the observed angular distribution of the out-
going triton may be used to determine which single-particle state the di-neutron has
been removed from as features due to the bound-state’s quantum numbers will be
‘imprinted’ in the distribution. These features are expected to persist in the presence
of distorting interactions between the projectile and target. From the di-neutron’s
quantum numbers it is possible to infer the correlated neutron pair which has been
transferred. The relation between the quantum numbers of the di-neutron and the
individual neutrons will be discussed later in this chapter.
Figures 2.4 and 2.5 provide example differential cross sections for a range of
different J transfers calculated via the DWBA method and highlight the differences
in the angular distributions produced.
2.4.1 twofnr
The fortran code twofnr (TWO-step FiNite Range) was written by Igarashi et
al. for the purpose of performing two-step two-particle cluster transfers [63]. The
code may also be run for single-particle transfers. A slimmed down one-step version
of the code has been used for this study [64].
The code is accompanied by a front-end auxiliary code which allows inputs to
be provided in a simplified manner [65]. This front-end has been modified in order
to include di-neutron transfers for the purposes of this study.
twofnr can output the differential cross section in both the centre-of-mass and
laboratory frames of reference. As we wish to compare against experimental data
(see Chapters 4 and 5), we shall utilise the calculations for the laboratory frame.
2.5 Structural Factors
Now that we have explored the contributions to the dynamic component of the
(p,t) cross section we shall introduce the various components which make up the
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Figure 2.4: Example DWBA calculations for the 92Zr(p,t)90Zr reaction with an
incident proton beam energy of 28.5 MeV populating differing even Jpi states in
90Zr. For each value of J transferred, the same two neutron separation energy
S2n and OMPs have been used. The quantum number N has been calculated via
Equation (2.43).
structural factor G, which may be expressed, for the specific case of a di-neutron
cluster transfer, by a product of terms
GγNΛSJ =
∑
γ
gγβγΛSJΩν 〈νλ,NL; Λ|n1l1, n2l2; Λ〉 . (2.29)
Here, gγ is a symmetry factor dependent on the (like or unlike) pair of orbitals
1, 2 with the set of quantum numbers γ occupied by the two transferred neutrons,
〈νλ,NL; Λ|n1l1, n2l2; Λ〉 is a Moshinsky bracket [32], βγΛSJ is the two-particle parent-
age factor, and Ων reflects the overlap of the two-nucleon relative motion wavefunc-
tions between the initial and final states.
The symmetry factor gγ is dependent on the like/unlike pair of orbitals the
neutrons occupy and is given by
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Figure 2.5: Example DWBA calculations for the 92Zr(p,t)90Zr reaction with an
incident proton beam energy of 28.5 MeV populating differing odd Jpi states in 90Zr.
For each value of J transferred, the same two neutron separation energy S2n and
OMPs have been used. The quantum number N has been calculated via Equation
(2.43).
gγ =
√
2
(1 + δ12)
. (2.30)
This may be calculated trivially for each pair of transferred neutrons.
2.5.1 Parentage factors
The structure of the target nucleus is taken into account via parentage factors /
coefficients, which are similar in nature to the spectroscopic factors necessary in
order to calculate single-particle transfers [55].
The (p,t) and (t,p) reactions are time reversals of one another;
t+ (A)J1 ←→ p+ (A+ 2)J2 ,
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(p,t) reactions pass from the right hand side to the left and (t,p) vice versa.
For the (p,t) pickup reaction, where the incident proton gains two neutrons, the
parentage factor, denoted by βγLSJ , measures the extent to which the (A+ 2)-body
nucleus in its ground state is built upon the specific state of (A) formed in the
reaction plus the two transferred neutrons with the quantum numbers γ coupled to
L, S, J (we again assume that λ = 0 and so the total orbital angular momentum of
the di-neutron Λ = L).
As outlined previously, we assume that the target nucleus is even-even, in its
ground state, and initially has a spin and parity of Jpi = 0+. We also assume that
the two neutrons are transferred in a single-step as a spin-zero di-neutron. Simple
forms for the parentage factors exist for this case, as described by Glendenning [31],
and we apply these directly to our problem.
Same orbital
The parentage factors, βγLSJ , are themselves constructed from several terms. Their
exact form varies depending upon whether the two neutrons are taken from the same
or different orbitals within the target nucleus.
For the case of two neutrons transferred from the same orbital, the parentage
factor (with the γ subscript dropped for simplicity) is given by,
βLSJ ((j
n−2)v1J1 ↔ (jn)v2J2) =
[
n(n− 1)
2
] 1
2
((jn−2)v1J1, (j2J)|}(jn)v2J2)

l s j
l s j
L S J
 . (2.31)
Here, n is the occupany or the number of neutrons in that orbital and v is the
seniority of the initial and final states, or rather the number of unpaired neutrons.
l s j
l s j
L S J
 is the jj → LS coupling coefficient introduced earlier in Section 2.4.
The term ((jn−2)vJ, (j2J)|}(jn)0) is a coefficient of fractional parentage.
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As the nucleus is assumed to have an initial spin J2 = 0 and an even number
of neutrons, there will be no broken pairs present before the reaction occurs. The
seniority of the initial state v2 will therefore equal 0. As the reaction is assumed to
occur in a single-step, the final seniority v1 can only be 0 or 2. These assumptions
also mean that the spin of the final nucleus J1 must be equal to the total angular
momentum J of the two transferred neutrons.
The expression for the parentage factor for our simplified case may be rewritten
as,
βLSJ ((j
n−2)vJ ↔ (jn)0) =
[
n(n− 1)
2
] 1
2
((jn−2)vJ, (j2J)|}(jn)0)

l s j
l s j
L S J .
 . (2.32)
The total number of ways of removing two neutrons from the same orbit is given
by [n(n− 1)/2]. The square of ((jn−2)vJ, (j2J)|}(jn)0) gives the proportion of the
[n(n− 1)/2] ways of removing two neutrons which lead to each specific final J , with
the sum over all J values equal to unity;
∑
J
((jn−2)vJ, (j2J)|}(jn)0)2 = 1 . (2.33)
The 9-j coefficient multiplied by the statistical factors splits this further into the
proportion per combination of L, S and J , i.e.
∑
LSJ
((jn−2)vJ, (j2J)|}(jn)0)2

l s j
l s j
L S J

2
= 1 , (2.34)
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∑
LSJ
[
n(n− 1)
2
]
((jn−2)vJ, (j2J)|}(jn)0)2

l s j
l s j
L S J

2
=
∑
LSJ
β2LSJ =
n(n− 1)
2
.
(2.35)
So, βLSJ is the amplitude for a transition to a final state with quantum numbers L,
S and J .
Simple expressions exist for ((jn−2)vJ, (j2J)|}(jn)0) for the cases of J = 0, v =
0, n = even (two paired neutrons transferred) and J 6= 0, v = 2 (each neutron taken
from a different pair, but still in the same orbital), n = even. These are
((jn−2)vJ, (j2J)|}(jn)0) =
(
2j + 3− n
(n− 1)(2j + 1)
) 1
2
, v = 0, J = 0 , (2.36)
((jn−2)vJ, (j2J)|}(jn)0) =
(
2(n− 2)
n− 1
2J + 1
(2j − 1)(2j + 1)
) 1
2
, v = 2, J 6= 0 . (2.37)
For two neutrons taken from the same level, only even values of their total
angular momentum J are possible due to the Pauli principle. The allowed values of
J are given by, 0, 2, . . . , (2j − 1).
Different orbitals
The parentage factors incorporate additional terms when the two neutrons are taken
from different orbitals a and b containing na and nb neutrons respectively,
βLSJ
(
(jna−1a )J
′
a, (j
nb−1
b )J
′
b; J1 ↔ (jnaa )Ja, (jnbb )Jb; J2
)
=
(nanb)
1
2 ((jna−1a )vaJ
′
a, ja|}(jnaa )Ja) ((jnb−1b )vbJ
′
b, jb|}(jnbb )Jb)

J
′
a ja Ja
J
′
b jb Jb
J1 J J2


la s ja
lb s jb
L S J
 .
(2.38)
In our simplified case, the final spin of the nucleus will again be equal to the
total spin of the transferred pair and, likewise, the final spins of each orbital Ja and
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Jb will be equal to the angular momentum of the neutron removed ja,b. The above
expression may therefore be rewritten as,
βLSJ
(
(jna−1a )ja, (j
nb−1
b )jb; J ↔ (jnaa )0, (jnbb )0; 0
)
=
(nanb)
1
2 ((jna−1a )vaja, ja|}(jnaa )0) ((jnb−1b )vbjb, jb|}(jnbb )0)

ja ja 0
jb jb 0
J J 0


la s ja
lb s jb
L S J
 .
(2.39)
For our simplified case, the removal of each neutron will leave one broken pair
in each level. The seniority of each level in the final nucleus will therefore be va =
vb = 1. As there is an equal likelihood of each neutron in a level being removed, the
expressions for the coefficients of fractional parentage have a very simple form [66],
((jni−1i )viJ
′
i , ji|}(jnii )0) = 1, v = 1, J
′
i = ji, ni = even . (2.40)
The allowed values of L, S and J which the two neutrons may couple to are
given by,
L = |(la − lb)|, . . . , (la + lb) or (J − 1), J, J + 1 ,
S = 0, 1 ,
J = |(ja − jb)|, . . . , (ja + jb) .
With J given by the vectorial sum of L and S. However, in our model, S = 0 and
L = J so we may exclude the values calculated for the S = 1 terms.
A code has been developed utilising the expressions above and incorporated into
our (p,t) model. This code has been compared to analytic problems for validation.
The results of these comparisons are given in Appendix B along with further details
and examples of the calculations performed.
2.5.2 Moshinsky brackets
As discussed in Section 2.4, a Talmi-Moshinsky transformation is performed to allow
a calculation to be made using a di-neutron with quantum numbers ν, λ, N and L
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rather than one involving two separate neutrons with quantum numbers n1,2, l1,2.
A Moshinsky bracket 〈νλ,NL; Λ|n1l1, n2l2; Λ〉 allows one to calculate the overlap
of the wavefunctions of the two individual neutrons with the wavefunction of the
di-neutron [67]. This overlap may be thought of as a measure of the likelihood of
these two neutrons forming such a zero spin di-neutron. For neutron pairs coupled
to S = 1, the value of the bracket will be zero.
The code brody [68] was used to perform the calculations of 〈00, NJ ; J |n1l1, n2l2; J〉
in the developed model.
2.5.3 Relative motion overlap
The overlap between the wavefunctions representing the relative motion of the di-
neutron in both the target nucleus and the emitted triton will also contribute to the
structural factor. This overlap is denoted by Ων and Ref. [31] suggests a possible
parameterised form:
Ων =
[(2ν)!]
1
2
2ν (ν)!
(xy)
3
2 (1− x)ν ν = 0, 1, . . . , (2.41)
where
x = 2q/
(
2aη2 + q
)
and
y = η (2a/q) .
Here, q is a parameter based on the oscillator quanta of the potential well in which
these wavefunctions exist and is assumed to be related to the mass number of the
target nucleus by q = A−1/3 fm−2, a is the mass number of the light particle, η is a
size parameter and is related to the root-mean-squared radius 〈r2〉 12 and charge of
the light particle and for the triton is given by
η2 =
1
6 〈r2〉 ,
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with 〈r2〉 12 = 1.68 fm. Using Equation (2.41) for the case of two neutrons transferred
from a 0s state via the 92Zr(p,t)90Zr reaction gives a value of Ων = 0.93.
A more rigorous approach to calculating Ων would be to perform a numerical
integration of the two overlapping wavefunctions, but this is considered unnecessary
for the purposes of this study. In fact, given the closeness of the value calculated
above to unity, a value of Ων = 1 is adopted for this study.
2.6 Cluster Transfers
As described previously, in the simplest cluster model, the di-neutron is a spin-zero
object and the two neutrons within it exist in lowest energy 0s single-particle orbitals
with zero relative orbital angular momentum between them [58]. The two neutrons
within a triton exist in predominantly the same configuration.
Given the simultaneous transfer of a single cluster, the Jpi of the final A-body
nucleus is completely determined by the orbital angular momentum L transferred by
the di-neutron, L = J and so the parity pi = (−1)L. In this case only the so-called
natural -parity states may be populated by the final A-body nucleus, i.e. an even J
state would have even parity and vice versa for an odd J state. The population of
unnatural -parity states as a result of the transfer would require more complicated
processes which are outside the scope of our model. The presence, or otherwise, of
unnatural-parity states in the measured zirconium data will therefore provide some
indication of the need to include, or omit, a more sophisticated approach to the
transfer of the two neutrons.
The two neutrons transferred may be taken from either the same or different
single-particle shell model orbitals in the target (A + 2) nucleus. The spin-zero
approximation for the di-neutron allows a simplified Talmi-Moshinsky transforma-
tion [32] to be performed to translate the single-particle shell model orbital quantum
numbers of the transferred neutron pair into the quantum numbers of an equivalent
single-particle di-neutron. This transformation was illustrated in Figure 2.3.
The Talmi-Moshinsky transformation treats the energy levels of the neutron
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pair and the di-neutron in terms of the energy quanta Q of a simple harmonic
oscillator potential. It performs a translation from one harmonic oscillator potential
to another. The number of energy quanta are obviously equal for both the case of
the two individual neutrons in their single-particle orbitals and the case of the di-
neutron in its equivalent single-particle orbital. This equivalency allows the quantum
numbers of the di-neutron to be determined [33] via
Q = 2N + L+ 2ν + λ =
2∑
i=1
(2ni + li) , (2.42)
where N is the principal quantum number (or number of radial nodes) and L the
orbital angular momentum of the di-neutron’s single-particle wavefunction. The
number of radial nodes is ν and λ is the orbital angular momentum of the individual
neutrons within the di-neutron. Whilst ni is the number of radial nodes and li the
orbital angular momentum of the individual neutrons within their single-particle
wavefunctions within the (A+ 2) target nucleus.
ν and λ are both equal to zero in our model, and L = J , and so Equation (2.42)
simplifies to
Q = 2N + J =
2∑
i=1
(2ni + li) . (2.43)
So, it is possible to calculate the possible values of J transferred and then use
Equation (2.43) to calculate N in each case. A knowledge of both N and J is
required in order to perform DWBA calculations of the di-neutron transfer.
2.6.1 The m-scheme
In most cases in which Equation (2.43) is utilised, the transferred J is already known
as a specific final state is under investigation. However, the current model is designed
to be completely predictive and so has no prior knowledge of the expected Jpi values
of the final states. The model therefore loops over every possible combination of
neutron pairs in the target (A + 2) nucleus and from their single-particle orbital
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angular momentum quantum numbers determines the possible allowed values of J .
j1=7/2 j2=7/2
m1 m2 M J
7/2 5/2 6 6
7/2 3/2 5
7/2 1/2 4
7/2 -1/2 3
7/2 -3/2 2
7/2 -5/2 1
7/2 -7/2 0
5/2 3/2 4 4
5/2 1/2 3
5/2 -1/2 2
5/2 -3/2 1
5/2 -5/2 0
3/2 1/2 2 2
3/2 -1/2 1
3/2 -3/2 0
1/2 -1/2 0 0
Table 2.3: Example m-sheme table for two neutrons with j = 7/2, taken from
Ref. [48].
The ‘m-scheme’ is used to determine the allowed values of J transferred by each
neutron pair. A description of the m-scheme is given by Casten in Ref. [48] and
we will only summarise it here. For two neutrons with total angular momenta j1
and j2 each neutron will be able to occupy magnetic substate values in the range
−j1,2 ≤ m1,2 ≤ +j1,2. These m values will sum to a total M for the pair. By listing
the allowed values of m1 and m2, which will be governed by the j-dependent range
above and the Pauli exclusion principle, we may determine the different possible J
values. Values of J which require both neutrons to couple to a total spin of S = 1,
and which are not allowed by our model, may be easily distinguished by comparing
the values of L and J for the pair.
An example m-scheme table, taken from Ref. [48], is shown in Table 2.3. For
each grouping of M values, the largest corresponds to the value of the coupled J .
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The table omits negative M values as these would lead to the same positive values
of J which are already accounted for.
Chapter 3
Zirconium Isotope Calculations
Accurate Zr(n,γ) cross sections are required for a number of applications. The astro-
physical s-process creates heavy elements (A > 56) via successive neutron capture
reactions on lighter seed nuclei. Spectroscopic measurements of stars and isotopic ra-
tio measurements of pre-solar meteorites provide constraints on s-process and stellar
models, assuming that the relevant cross sections are well understood [1].
The 96Zr/94Zr ratio in particular can be used as a constraint for these models,
but only if the (n,γ) cross sections for the lighter Zr isotopes, including those too
unstable to form a laboratory target e.g. 95Zr, are known [69].
Technological applications also exist for Zr(n,γ) cross sections. Various unsta-
ble Zr isotopes are produced during the fission process. If the neutron flux in the
fissioning system is significant, these Zr fission fragments may undergo (n,γ) re-
actions before decaying and any accurate prediction of the final isotopics of the
system must therefore include these reactions and a knowledge of the relevant cross
sections [70, 71].
A variety of isotopes in the mass region about Zr may also be used as diagnos-
tics of high neutron fluxes arising from the D+T fusion reaction. 14.1 MeV neu-
trons emitted during this reaction cause (n,2n) reactions on the diagnostic isotopes
present. The ratio of daughter (A− 1) to parent (A) isotopes (or even granddaugter
(A − 2) to daughter (A − 1) if the flux is high enough to cause successive (n,2n)
reactions) is then used to infer the number of neutrons generated [72]. Any (n,γ)
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reactions in the system, due to lower energy neutrons, lead to the reverse of this
reaction and hence affect the value of this ratio.
Additionally, as will be discussed next, the Zr isotopes are a fairly simple case
on which to test and explore various aspects of the surrogate method.
3.1 The zirconium isotopes
As described in Chapter 1, experimental (p,t) reaction data have recently been
measured for the stable Zr isotopes. The properties of the Zr isotopes should lend
themselves favourably to theoretical calculations of the (p,t) reaction. Specifically,
each stable Zr isotope is assumed to be spherical with their protons fully occupying
the Z=40 sub-shell (corresponding to complete fillings of the f 5
2
, p 3
2
and p 1
2
levels
and those in lower energy shells) and their neutrons completely filling the N=50
core (complete filling of the g 9
2
level plus all lower energy shells) with a few valence
neutrons (if any) outside of this core. In addition, all of the stable isotopes, with
the exception of 91Zr, have even numbers of both protons and neutrons. Table 3.1
shows some relevant properties of the stable Zr isotopes and Figure 3.1 shows their
position on the Segre´ chart.
A spherical target means that any potentials used for calculations of structural
factors or reactions are of the simplest form. Spherical nuclei are also assumed
to conform closest to the shell model and so calculations may be made assuming
‘standard’ independent-particle shell model state occupations (see Section 2.1) [48].
Isotope Natural S2n / MeV
abundance / %
90Zr 51.45 21.288
91Zr 11.22 19.162
92Zr 17.15 15.829
94Zr 17.38 14.954
96Zr 2.80 14.316
Table 3.1: The significant properties, relative to this study, of the stable Zr isotopes
[73].
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Figure 3.1: A section of the Segre´ chart in the region about the Zr isotopes, created
using Chart of the Nuclides [4]. The isotopes highlighted in black are stable, whilst
those in blue and pink decay, respectively, by electron capture (due to proton rich-
ness) and by beta decay (due to neutron richness). Note: 96Zr is treated as stable
in this study, given its 2 x 1019 year half life [2].
A spherical nucleus is also unlikely to undergo collective excitations, such as rotation,
which require more sophisticated theoretical models [45].
To first order, the Z=40 protons can be assumed to be inert and act as spectators
in the calculations as there are no partially occupied proton orbitals in the Zr ground
state nucleus. Z=40 also corresponds to the complete filling of a significant sub-
shell [48]. Pairing correlations have been observed for protons between the assumed
empty 0g 9
2
and the two occupied lower energy 1p orbitals [47], but we will assume
these are negligible given we are investigating neutron transfer reactions.
With the neutrons in the ground state nucleus, depending upon which isotope,
either precisely occupying the major N=50 shell, or at most containing a few neu-
trons in the next shell, only a few valence neutrons will contribute to the population
of low energy states in the product nucleus. This should make the dominant reaction
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pathways easier to determine and hence allow for reliable calculations to be made
which assume relatively simple reaction mechanisms.
3.1.1 Assumed level structure
It is assumed that the levels in the ground state of Zr isotopes are filled according to
the standard independent-particle shell model (see Chapter 2). 90Zr will therefore
fully occupy each neutron orbital up to and including the 0g 9
2
level. The heavier
Zr isotopes begin to populate the 1d 5
2
state until it is completely filled by the 6
additional neutrons of 96Zr. The transition between levels when moving to isotopes
heavier than 90Zr may be seen in the S2n values shown in Table 3.1. The energy
required to remove two neutrons decreases significantly with the addition of 2 neu-
trons to 90Zr, indicating these are now being taken from a less bound, higher energy
level. 91Zr still has a higher S2n value however, as one neutron must still be taken
from the more strongly-bound lower level.
For the simplified model assumed in this study, we forbid any contributions from
excited states and we allow only integer occupancy of any state. However in reality
the neutrons would fractionally occupy states, including higher-lying excited orbitals
such as 0g 7
2
, 2s 1
2
and 1d 3
2
.
3.1.2 92Zr(p,t)90Zr
New experimental data were taken for protons incident on foils of each stable isotope
of Zr. Here we focus upon the data taken for the 92Zr(p,t)90Zr reaction, the first
data set analysed by the experimental team. However, analysing this reaction first
would in any case be the logical choice for a number of other reasons. Foremost of
these is that the excited states of 90Zr have previously been studied in more detail
than those of the other Zr isotopes and so more data for comparisons are available.
The isotopic purity of the 92Zr foil was also very high at 94.57%, so states popu-
lated due to (p,t) reactions on other Zr isotopes are expected to be negligible in the
experimental results. The possible exception is for direct transitions to the ground
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state of each isotope which are expected to be strongly populated. The proportions
of each isotope in the sample used are given in Table 3.2.
The positions, in terms of excitation energy, of each expected ground state peak
are calculated relative to that of the direct 92Zr(p,t)90Zr ground state transition to
see if they will contaminate the measured 92Zr(p,t)90Zr reaction data. The energy of
the ground state transition of a Zr isotope of mass A, relative to that of 92Zr(p,t)90Zr,
is given by
Egs = S
92Zr
2n − S
AZr
2n − St2n . (3.1)
The relative positions of the ground state peaks are shown in Figure 3.2, where
it has been assumed that the relative intensity of this transition for each isotope
is equal. The strength of each peak has been scaled by the corresponding isotopic
abundance in the 92Zr target. As can be seen in Figure 3.2, the peaks for transitions
to the ground states of 92Zr and 94Zr correspond to negative excitation energies in the
90Zr nucleus. These can therefore be easily discriminated in the experimental data.
However, the peaks for transitions to the 88Zr and 89Zr ground states correspond
to positive excitations of the 90Zr ground state and so may overlap 92Zr(p,t)90Zr
reaction final states.
The 90Zr(p,t)88Zr reaction to the ground state of 88Zr can be calculated and
incorporated into the model results. The calculation of the 91Zr(p,t)89Zr reaction,
that involves an odd-A target nucleus is not simply included in our (even-even)
target nucleus model. However, its impact on the data is likely to be negligible
given the expected yield shown in Figure 3.2. Even if this transition has been
Isotope Abundance / %
90Zr 2.86
91Zr 1.29
92Zr 94.57
94Zr 1.15
96Zr 0.14
Table 3.2: The relative percentage of each Zr isotope found in the purified 92Zr
target [74].
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Figure 3.2: The relative excitation energies of the ground state transitions for the
stable Zr isotopes. Each peak has been scaled to the proportion of each isotope in
the purified 92Zr target.
severely underpredicted, it is likely that an order of magnitude increase would be
required before it significantly perturbed the experimental data.
3.2 Energy levels
To perform the required DWBA calculations and determine the spectrum of the
levels excited in 90Zr, we determine the energy of the two holes created by the
removal of the di-neutron in the 92Zr(p,t)90Zr reaction. The combined energies of
these holes will correspond to the excitation energy of the residual 90Zr nucleus.
Calculations, as described in the following sections, can predict a unique binding
energy ei for each single-particle orbital. These binding energies must be shifted
relative to a known reference energy for the reaction in question. We assume integer
occupation of an orbital and so each transition to a final Jpi will correspond to a
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Figure 3.3: Illustration of the adjustment of the calculated binding energies of the
levels of the nucleus to correspond to the measured two neutron separation energy
of the least bound pair.
specific energy E∗α determined by the energies of the orbitals of the two removed
neutrons.
The two-neutron separation energy S2n of the
92Zr nucleus is known experimen-
tally from previous measurements [75]. It is assumed that this Sexp2n corresponds to
two neutrons removed from the least bound orbital: 1d 5
2
for 92Zr . The corrected
binding energy of a neutron in this outer orbital n can therefore be taken crudely as
equal to Sexp2n /2. By assuming the difference between the binding energy calculated
for each orbital and that of the outer orbital ei − en is equal to the difference in
the corresponding corrected level energies i − n we are able to reset our energy
scale for each orbital. This process of adjusting the calculated binding energies is
illustrated in Figure 3.3. The original energy level calculation therefore serves to
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determine relative level spacing, with each level then equally shifted according to
prior experimental data. This represents a rare occasion where our theoretical (p,t)
model relies on prior knowledge of the system being studied.
For the removal of two neutrons a and b with energies a and b respectively, the
excitation energy of the state in 90Zr created by their removal is given by
E∗α(a,b) = |a + b| − Sexp2n . (3.2)
3.2.1 Residual interaction
As described in Chapter 2, a specific neutron pair may couple to a range of possible
Jpi values. Using only the prescription described above these different Jpi states
would be degenerate in energy. This degeneracy may be lifted by introducing a
J-dependent residual interaction between the pair of transferred neutrons. This
residual interaction is a real effect due to short range forces acting between the two
neutrons and is represented as a δ-interaction.
A simple empirical form for this interaction is given in Ref. [48] and is used in
this study. For two neutrons with total angular momenta j1 and j2 coupling to J ,
the shift in energy of the final state due to this residual interaction is
∆E(j1j2J) ≈
(
30 MeV
A
)
A′(j1j2J) , (3.3)
where A is the mass of the residual nucleus following the (p,t) reaction and A′(j1j2J)
is given by
A′(j1j2J) = (2j1 + 1)(2j2 + 1)
 j1 j2 J
1
2
−1
2
0
2 , (3.4)
where the right-hand term is a Wigner 3-j coefficient [76].
This interaction only has a finite strength for two neutrons with quantum num-
bers which satisfy l1 + l2 − J = even. Otherwise the interaction strength is zero.
Figure 3.4 illustrates the effect of the residual interaction to lift the degeneracy. As
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Figure 3.4: Illustration of the lifting of the energy degeneracy by introducing a
δ-interaction. Modified from Ref. [48].
may be seen, the size of the energy shift increases with decreasing Jpi of the final
state.
Although not relevant for the final states populated in 90Zr following the 92Zr(p,t)
90Zr reaction, as the two neutrons removed from the 1d 5
2
orbital only couple to a
0+ state, for the isotopes with a valence orbital containing multiple neutron pairs
we must apply another energy correction. For, say, the 90Zr(p,t)88Zr reaction the
outermost orbital may transfer pairs of neutrons which couple to differing final Jpi
states. The 0+ state will therefore be shifted by the largest amount from its value
calculated as described earlier in this section. However it is this state which will
correspond to the population of the ground state or 0 MeV excitation of 88Zr . We
must therefore shift the energy of this level back to 0 MeV excitation and also move
the energies of the higher Jpi states populated by neutron pairs from that orbital by
the same amount. This additional energy shift is illustrated in Figure 3.5
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Figure 3.5: Illustration of the additional shift in energies in order to reset the energy
of the lowest lying 0+ state to be equal to that of the expected ground state.
3.2.2 Harmonic oscillator energy levels
There are numerous theoretical methods which may be employed in order to cal-
culate the binding energies of the independent-particle shell model orbitals for a
nucleus. One of the simplest of these is to assume that the mean field potential felt
by the bound neutrons is that of a simple harmonic oscillator. Using this assumption
leads to neutron binding energies which are quantised according to the number of
oscillator quanta of the di-neutron as determined using Equation (2.43). The energy
of an oscillator quantum will depend upon the nucleus in question. Various empiri-
cal expressions dependent on the mass number of the nucleus have been suggested
and here we consider that given in Ref. [77]. Here the energy of the level excited in
the residual nucleus by the transfer of a di-neutron with oscillator quanta Q is given
by
E = Q((45MeVA−
1
3 )− (25MeVA− 23 ))− Sexp2n . (3.5)
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Unfortunately, for the 92Zr(p,t)90Zr reaction, the oscillator quanta approach leads
to very coarse groupings of excited levels which do not match those expected exper-
imentally. A more sophisticated approach is to employ a mean field Hartree-Fock
calculation.
3.2.3 Hartree-Fock calculations
In relatively simple terms a mean field or density functional calculation makes the
approximation that each nucleon in a nucleus experiences only a single average
potential due to the other nucleons present [54]. This potential is calculated by
integrating both a two-nucleon interaction potential and the calculated nuclear den-
sity ρ(~r) over the volume of the nucleus being studied. This nuclear density is
calculated via a summation of the spatially varying single-particle wavefunctions of
each nucleon. These single-particle wavefunctions are given in the form of harmonic
oscillator wavefunctions.
The two-nucleon potential Vij(~ri − ~rj) which is folded with this nuclear density
operates between nucleon pairs at spatial coordinates ~ri and ~rj. The integral of
these two quantities is then the mean field potential
U(~r) =
∫
~r
Vij(~ri − ~rj)ρ(~r)d~r . (3.6)
Unfortunately, to correctly specify the single-particle wavefunctions used in the
calculation, the depth and profile of the potential in which they exist is required.
This potential is also the same mean field potential U(~r) these wavefunctions are
used to calculate [48].
A mean field calculation will typically iterate through a range of ‘best guess’
starting wavefunctions, with the U(~r) calculated then used to recalculate the basis
wavefunctions. If these wavefunctions calculated using U(~r) are the same (within
some tolerances) as the starting best guess wavefunctions, then the calculation is
considered self consistent and this potential is used to calculate the binding energies,
etc, of the single-particle wavefunctions.
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The Hartree-Fock method of mean field calculation includes additional interac-
tion terms compared to the relatively simple description given above, but follows
essentially the same procedure. The Hartree-Fock calculations performed for this
study used the dens code of Brown [78].
A mean field Skyrme potential was employed for these Hartree-Fock calculations.
Skyrme potentials are parameterisations of two-body interactions with an additional
term included to account for interactions with other nucleons present in the system
[79,80]. A Skyrme potential is considered valid for use if calculations made using it
match certain empirical values, including the properties of the deuteron nucleus and
the binding energies of certain benchmark nuclei [81]. A large number of Skyrme
potentials have been developed with not all satisfying every empirical test to which
they have been applied [82].
In this study seven different general-use Skyrme potentials have been considered:
Skx, Skxs15, Skxs20, Skxs25, Bsk9, Sly4 and Skm* [83–85].
3.2.4 Shell model calculations
The ‘full’ shell model treats the nucleus as an inert core surrounded by active va-
lence orbitals. These valence orbitals form a truncated model space for the calcu-
lation which saves on calculation time and/or computational resources. The model
space includes the occupied outer orbitals, along with a few excited levels which
are assumed to be unpopulated in our previous Hartree-Fock calculations of the
ground state nucleus. The Hamiltonian for the system is solved for each participat-
ing orbital. Figure 3.6 illustrates the truncated model space used in a shell model
calculation.
Unlike the Hartree-Fock case, shell model calculations do not assume integer
occupation of the shell model levels allowed to contribute to the reaction. The
strength of the population of a state in the residual nucleus is given by a coherent
sum of the overlaps of the wavefunction of each possible pair of initial states with the
final state [86]. We briefly investigate the need for performing shell model structure
calculations versus Hartree-Fock in Chapter 5.
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Figure 3.6: Illustration of the truncated model space used in a shell model calculation
of 92Zr. Figure adapted from Ref. [50].
3.2.5 Measured levels
For a Hartree-Fock calculation the selection of the best Skyrme potential to use is
difficult, but perhaps not crucial, as an exact match to the experimentally measured
levels is not expected. Nevertheless, the different potentials listed in Section 3.2.3
have each been studied in order to highlight any unusual behaviour for the 92Zr
system with no such behaviour found.
The use of a general Skyrme potential rather than one tailored to this specific
system is further justified by the number of experimentally observed levels in 90Zr
which have unassigned Jpi values. The known level structure of 90Zr, given in levels
per MeV, is shown in Figure 3.7.
As may be seen there are many levels with energy > 5 MeV which do not have
an assigned Jpi. Given that this region will be of most interest in terms of utilising
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Figure 3.7: The density of levels of 90Zr reported in the literature [75].
the 92Zr(p,t)90Zr as an (n,γ) surrogate, the lack of prior level information suggests
that any physically valid Skyrme potential will be suitable for use at the present
time.
3.3 Spreading widths
The method outlined so far for calculating the energies of the states populated in
the residual nucleus generates levels at individual energies that can be represented
by δ-functions. It will be necessary to spread these states out over a finite energy
range. This spreading of states, or fragmentation, is designed to take into account
real physical effects as well as theoretical model and experimental measurement
deficiencies.
Any compound nucleus state which has a finite lifetime will have an energy width
inversely proportional to its lifetime due to the uncertainty principle [87]. This width
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will be difficult to predict without a prior knowledge of the lifetimes of the expected
states, but it is likely to increase with excitation energy [88]. It has previously
been highlighted that more complicated interactions and nuclear structure have not
been included in the developed model. Several methods for predicting the expected
spreading widths have been developed which attempt to account for the average
effect of these more complicated processes. This type of width shall be applied in
our model.
In our simplified model, each orbital of the target nucleus is occupied by an
integer number of neutrons. In other words each neutron exists in only one state. In
reality each neutron would fractionally occupy a number of different states leaving
these states fragmented [89]. This fragmentation of states leads to effects such as
configuration mixing [48] between different orbitals which will cause a previously
well defined excited level to become a spectrum of excited levels. Predicting the
energies of these levels is beyond the scope of our model. However, assuming that
these states are close in energy, we may account for their existence by spreading
our calculated levels in order to account for the average level energy and strength
of their population. This spreading to account for fragmentation is illustrated in
Figure 3.8.
Several methods have been proposed to calculate the spreading width as a func-
tion of excitation energy and these are summarised in Ref. [89]. However, none
of these suggested methods has previously been applied to two-nucleon transfers.
With no bespoke method for calculating the spreading width for the transfer of two
neutrons it was decided to apply a single-particle method without alteration. The
method of Brown and Rho [90] has been chosen for this study. This method gives a
parameterisation of the energy dependent spreading width which is given by
Γ(E) =
0(E − EF )2
(E − EF )2 + E20
+
1(E − EF )2
(E − EF )2 + E21
. (3.7)
Here (E − EF ) is the excitation energy of the state and 0, 1, E0 and E1 are
parameters appropriate for the system being studied. The values used for these four
parameters in this study have previously been applied to a range of nuclei spanning
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Figure 3.8: Illustration of the spreading of a predicted excited level (solid red) to
account for the average position and population strength of the physical fragmented
states (green). The calculated state is spread into a Breit-Wigner shaped function
(dashed red).
a mass region between 59Ni and 99Mo [91–94]. The values are: 0 = 19.4 MeV,
1 = 1.40 MeV, E0 = 18.4 MeV and E1 = 1.60 MeV. By applying a spreading
width, the calculated cross section for the population of each excited level will now
be thought of instead in terms of population strength and have units of mb/MeV.
In addition to deciding upon the method of calculating the spreading width, we
must also decide which functional form to use to represent the state. A Breit-Wigner
resonance of the form
fi,J(E) =
n0
2pi
Γ(E)
(|E − EF | − Ei,J)2 + Γ2(E)/4 (3.8)
is suggested by a number of authors [91–95] and is used here. The normalisation
factor n0 is scaled so that the integral of fi,J(E) will equal the originally calculated
unspread cross section for the state.
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An additional factor is also added to the calculated width in order to account
for the experimental uncertainty due to the finite energy resolution of the detectors
used (see Chapter 4).
3.4 γ-ray cascade
The model described so far calculates discrete excited levels in the residual nucleus.
However, these states can only be observed indirectly in experiments. Two measured
outputs of the experiments, described later in Chapter 4, were used to infer the Jpi
distribution of the excited states populated in 90Zr. These outputs are the triton
particle singles spectrum and the coincident γ-ray cascade. The particle singles
spectrum, and how the theoretical excitation spectrum can be compared against
this, will be described in detail in Chapter 4. In this section we are concerned with
how we may calculate the expected γ-ray cascade resulting from our calculated Jpi
distribution.
An excited level in a compound nucleus may decay through a number of possible
reaction channels. When the excitation is below any particle separation energies
Sn,2n,p,α,. . . this decay will be solely via the emission of γ-rays until the nucleus de-
excites to its zero energy ground state. The γ-rays emitted during this decay to the
ground state will obey angular momentum dependent transition rules
|(Ji − Jf )| ≤ lγ ≤ (Ji + Jf ) (3.9)
which means that many states will not decay directly to the ground state, but
instead pass through multiple intermediate levels. Each excited state populated will
therefore likely create a cascade of emitted γ-rays. There may be multiple paths
that these γ-rays can take from a specific excited state and at each branching point
there is a branching ratio for each possible pathway. The most likely transition is
typically that with the smallest value of lγ = |(Ji − Jf )| [50].
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3.4.1 talys
The talys nuclear reaction code [96] is capable of calculating the γ-ray spectrum
expected from an input Jpi distribution. The code requires a list of levels, with
their energies and Jpi assignments, as well as the branching ratios of each possible
pathway leading from each level. talys will take the Jpi distribution and apportion
the strength over the specified discrete levels according to simple spin and energy
rules [97], i.e. the Jpi distribution is divided into energy bins and bins which overlap
with discrete levels and share the same Jpi contribute to the population of that level.
talys will then perform the relatively simple decay calculation of these states, with
the energy of each γ-ray equal to the difference in energy between the initial level
which emitted it and the discrete level populated following this emission, Eγ =
Ef − Ei.
The situation becomes more complicated at higher excitation energies. Above
some energy, the density of discrete levels becomes so high that it no longer makes
sense to speak of individual levels and instead we think of excitations at these ener-
gies as populating a continuum of states [22, 23]. In a calculation these continuum
states are represented by an energy bin structure for each Jpi. Above a transition
excitation energy, which the user may specify or may be taken as being above the
last supplied discrete level, talys will populate these bins in a method equivalent to
that used for the discrete states. Figure 3.9 shows this mixed level and bin structure
used in talys.
Instead of branching ratios for the decay of these continuum bins, talys instead
uses an energy and spin-dependent statistical decay scheme used as standard in
Hauser-Feshbach calculations [22,23]. When a decay occurs from a continuum state
to a discrete state, talys generates an artificial bin structure in the lower energy
region. The bin boundaries are set equal to the midpoint energies between the
different discrete levels. talys may then calculate the decay to these bins from the
continuum bin region using the Hauser-Feshbach approach. Figure 3.10 illustrates
the calculation of a γ-decay from the continuum region to the ground state via an
intermediary discrete level.
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Figure 3.9: An illustration of the mixed bin and discrete level scheme used by talys,
adapted from Ref. [23]. The red arrows indicate γ-decay.
Particle(s) Symbol Energy / MeV
Neutron Sn 11.968
Two-neutron S2n 21.288
Proton Sp 8.353
Alpha Sα 6.675
Deuteron Sd 17.611
Triton St 20.705
Table 3.3: Particle emission energies for 90Zr taken from Ref. [4, 98].
The situation is complicated again if the excitation level’s energy is above any
of Sn,2n,p,α,. . . for that nucleus. In this case, the γ-decay channels will compete
against particle emission. If the experimental setup is not designed to measure
these additional particle types, a proportion of the population strength of these
levels may be missed, unless the state is uniquely identifiable from the triton singles
spectrum. For 90Zr the particle separation energies are given in Table 3.3.
Given our interest in the excitation region about Sn, it can be seen that there
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Figure 3.10: Illustration of the decay from an excited continuum state to the ground
state via a discrete level, adapted from Ref. [23].
will be competition from proton, alpha and single neutron decay channels. Decays
via these particle emission channels can however still provide information on the
decay of excited levels through measurements of the γ-decay cascade of the nucleus
created following the particle emission. The population and decay of a nucleus
following particle emission of the initial compound nucleus is illustrated in Figure
3.11.
Modelling the γ-cascade of this decaying secondary nucleus will require a prior
knowledge of its discrete level structure and branching ratios. Alternatively a pure
continuum bin structure could be used from zero excitation upwards, but this is
likely to produce a poor match with reality.
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Figure 3.11: Illustration of the γ-cascade of a secondary nucleus created following
particle emission of the original excited nucleus, adapted from Ref. [23].
3.4.2 Supplied discrete level structure
The discrete excited levels calculated using the model developed could be input
into the talys γ-decay calculations. However, the associated branching ratios for
each decay path would have to be supplied too. Given that, as discussed in Section
3.2, we do not expect our levels to represent the true spectrum of levels populated,
estimating branching ratios for their decay will represent another departure from
reality. Instead the approach taken in this study has been to adopt the levels
available in the literature [98] for 90Zr and the surrounding nuclei which may be
populated via particle emission.
Besides the use of Sexp2n , this represents the only tuning of our model to prior
experimental data. If this model were applied to nuclei further from the line of
nuclear stability, with more limited prior structural information available, these
supplied levels and branching ratios would need to be replaced with theoretical
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predictions.
The calculated Jpi distribution for 90Zr is input into talys which then maps this
onto the existing level scheme. If the theoretical level positions differ significantly
from those in the literature, talys may not be able to distribute all of the strength
of the Jpi distribution found below the transition energy between the discrete and
continuum regions, e.g. if no discrete 5− levels are found in the talys database and
a 5− state is calculated in the discrete energy region, the strength of this state will
be ignored by the calculation [97].
3.5 Global optical model potentials
The choice of which optical model potential (OMP) to use for each channel of the
calculation is very important. OMPs are generally derived for local regions, in
terms of incident energy and mass, via elastic scattering experiments. A local OMP
has previously been specifically developed for the Zr isotopes via triton scattering
experiments at Et = 20 MeV by Flynn et al. [99, 100]. However, given our aim of
developing an untuned predictive model for (p,t) transfer we have instead adopted
a global triton OMP for use.
Two global triton OMPs have been investigated as part of this study, one deter-
mined by Li et al. [101] valid for nuclei between 48Ca to 232Th and energies below 40
MeV and another calculated by Pang et al. [102] valid for mass and energy ranges
of 6 ≤ A ≤ 232 and 4 ≤ E ≤ 450 MeV respectively. These global OMPs are mass
and energy dependent parameterisations with underlying fixed constants which al-
low their use on a wide range of systems. Scattering data for a range of energies
and nuclear masses have been studied by the authors of Ref. [101] and Ref. [102]
and the parameterisations developed to ensure a minimised fit to the entire range of
data. However, the OMP of Pang et al. was determined from 3He scattering data
and then found to be also applicable to the triton case. Unfortunately, good qual-
ity incident triton data are fairly rare given a lack of existing triton beam facilities
which means that the fidelity of the parameters used in these global triton OMPs is
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not well understood.
Fortunately, the situation is much better for proton OMPs due to the plethora
of good quality data for incident proton reactions. A number of widely used and
validated global proton OMPs exist. Those considered for this study are those
developed by: Bechetti and Greenlees [103], Varner et al. [104], and Koning and
Delaroche [105].
3.5.1 Cut-off radius
As transfer reactions are assumed to take place at the nuclear surface with relatively
little penetration into the interior, it is not unusual to perform DWBA calculations
whilst employing a cut-off radius [106]. This cut-off radius limits the space over
which the integrations of the bound-state and distorted wavefunctions are performed
and limits the extent to which the calculation is affected by absorption due to the
OMPs specified.
A sensitivity study detailed in Appendix A shows that (p,t) calculations per-
formed using twofnr are most sensitive to the parameters of the triton OMP. A
number of calculations were performed in order to determine if these sensitivities
could be reduced by introducing a cut-off radius. Calculations were performed for
a range of (p,t) reactions using the global triton OMPs of Li et al. and Pang et
al., with and without a cut-off radius. In each case the magnitude of the total cross
section calculated for each OMP was compared and the difference noted. The results
of these calculations are given in Table 3.4.
For each isotope, the cut-off radius was calculated using rcut = r0A
1/3, where r0
is the standard nuclear radius parameter equal to 1.2 fm [3]. It is worth highlight-
ing that the three calculations for each isotope do not necessarily represent actual
physical states in those nuclei, i.e. a di-neutron transfer from a 2s state of 42Ca is
extremely unlikely to occur; rather a range of calculations were selected in order to
examine the sensitivities for a wide range of transfers. Each calculation was per-
formed for an incident proton energy of 40 MeV using the Bechetti-Greenlees global
proton OMP.
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Isotope/ No cut cross section / mb Cut-off cross section / mb
state Pang Li Pang / Li Pang Li Pang / Li
42Ca
2s 1.734 3.107 0.558 5.996 8.039 0.746
1p 8.95x10−1 1.564 0.574 3.646 4.613 0.791
0d 3.29x10−1 5.35x10−1 0.615 1.571 1.967 0.797
110Sn
2s 3.29x10−1 5.06x10−1 0.648 1.034 1.292 0.802
1p 1.74x10−1 2.70x10−1 0.644 6.26x10−1 7.54x10−1 0.830
0d 6.55x10−2 9.51x10−2 0.689 2.64x10−1 3.10x10−1 0.852
160Gd
2s 1.47x10−1 2.24x10−1 0.656 1.135 1.175 0.970
1p 1.02x10−1 1.08x10−1 0.944 8.55x10−1 7.45x10−1 1.148
0d 4.15x10−2 5.68x10−2 0.731 3.67x10−1 3.70x10−1 0.992
Table 3.4: Comparison of twofnr calculations performed using both global triton
OMPs studied, for the case of a cut-off radius and the case of no cut-off radius, for
a range of isotopes and states.
As can be seen it was found that the calculations performed with a cut-off ra-
dius showed a smaller sensitivity to changes in the triton OMP compared to those
performed with no cut-off.
The cut-off radius is however a sharp artificial discontinuity and as such may
introduce non-physical phenomena into the calculation, such as enhanced wave re-
flection [107]. The use of a non-locality parameter introduces a damping into the
wavefunction in the interior region and so may negate the need for a sharp cut-
off radius [45]. Therefore a non-locality parameter is used instead in the twofnr
calculations included in this model.
Chapter 4
Experimental Techniques
4.1 STARLiTeR
4.1.1 STARS
The S ilicon T elescope Array for Reaction S tudies (STARS) is an annular array of
(Micron Semiconductor S2) silicon detectors used for the detection and identification
of charged particles emitted from nuclear reactions [108]. The annular array is
multi-layered, forming a ‘∆E −E’ telescope detector formed of a top ∆E layer and
either single or multiple E layers. This setup can discriminate between different
light charged particles by measuring the energy deposited in the top ∆E layer and
plotting this against the energy deposted in the E layer in which the particle is
finally stopped. The relationship of ∆E vs E differs between detected particles
dependent upon their mass and charge. Figure 4.1 shows an example of this particle
discrimination.
The STARS setup used in this experiment recorded triton energies using three
thousand 10 keV energy channels. These channels have been previously calibrated
using known energy sources, so that the channel i corresponds to a triton energy of
10 keV ∗ i. The energy resolution of the recorded triton spectrum is ≈ 75 keV. This
resolution would lead to a 75 keV full width half maximum (FWHM) on a measured
excited state which possessed no physical width.
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Figure 4.1: An example of the discrimination of different emitted charged particles
for the case of an incident Li ion striking a 232Th target, taken from Ref. [108].
In a typical setup the STARS detector is placed within a scattering chamber
behind a foil target. This foil is then bombared by incident charged particles and
STARS located in the downstream position will detect the charged particles emitted,
generally via direct reactions, into a range of scattering angles. The typical angular
coverage of STARS is generally θ = 35◦ to 55◦. The STARS array is pixelated by
division into 24 radial rings and 8 sectors as shown in Figure 4.2. STARS can record
data integrated across the whole annulus of the detector or on a ring by ring, sector
by sector, or pixel by pixel basis.
The inner radius of the STARS annulus is 11mm. Each ring in the detector is
1mm wide, leading to an outer radius for the detector of 35mm. The 8 sectors are all
the same size, covering an angular range of φ = 45◦ each. Target foils are typically
held at 19mm from the plane of the ∆E layer of the detector. Each ring is expected
to subtend an angle of θ ≈ 1◦ relative to the target.
For measurements of fissile targets, a ∆E − E detetector with a single E layer
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Figure 4.2: Schematic of the division of the STARS detector into rings and sectors.
Not all rings shown.
can be placed upstream of the beam at a slight offset. This additional detector can
then be used to discriminate fission reactions from the dataset by measuring, but
not identifying, coincident recoiling fission fragments.
4.1.2 LiTeR
STARS was previously paired with another experimental diagnostic known as the
Livermore Berkeley Array for C ollaborative Experiments (LiBerACE) to form a
combined system referred to as STARS/LiBerACE. This diagnostic consisted of an
array of six high-purity germanium (HPGe) detectors which were situated around
the STARS setup. LiBerACE allowed measurements, over a finite solid angle, of
the γ-rays emitted in coincidence with the charged particles detected by STARS. A
well constructed direct reaction/surrogates experiment could therefore provide the
required measurements of the Jpi distribution as a function of excitation energy of
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a residual nucleus and subsequent γ-decay cascade as described in Chapter 1.
STARS/LiBerACE was located at the Lawrence Berkeley National Laboratory
with the incident particle beam generated by an 88-inch cyclotron capable of deliv-
ering protons, deuterons, 3He and 4He at energies of up to 55 MeV, 65 MeV, 170
MeV and 140 MeV for each particle type respectively [109]. An illustration of the
STARS/LiBerACE setup is given in Figure 4.3.
Figure 4.3: An overview of the combined STARS/LiBerACE diagnostic which is
similar to the setup of STARLiTeR, taken from Ref. [108].
Due to operational issues, STARS was relocated to the K500 Superconducting
Cyclotron Facility at Texas A&M University. Since relocating to Texas the LiBer-
ACE detector has been replaced by another array of HPGe detectors referred to as
the Livermore Texas Richmond (LiTeR) array to form the STARLiTeR detector.
These detectors fulfil the same role as LiBerACE. A diagram of the Texas A&M
facility is shown in Figure 4.4, whilst Figure 4.5 shows a picture of STARLiTeR in
situ.
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Figure 4.4: A graphic of the Texas A&M superconducting cyclotron laboratory,
taken from Ref. [7]. STARLiTeR is located at the end of the ‘LLNL line’.
4.2 Experimental details
The experimental data compared to in this study were recorded during the period
of 26 June to 10 July 2013. A 28.53 MeV proton beam was bombarded onto a
thin ≈ 1mg/cm2 isotopically purified 92Zr foil supplied by Goodfellows. The isotopic
assay for the 92Zr target was given in Table 3.2 in the previous chapter. The largest
impurity due to another element present was below 2000 ppm. A large number of
separate irradiations were conducted throughout the experiment with a total beam
on target time of over 300,000 seconds (approximately 3.5 days). The average beam
current was 1.56 nA [110].
4.2.1 (p,d) measurement
The primary purpose of this 92Zr foil irradiation was unfortunately not for studies
of the 92Zr(p,t)90Zr reaction. Rather the experiment was tailored to study the
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Figure 4.5: A picture of the STARLiTeR detector at Texas A&M, taken from Ref. [7].
92Zr(p,d)91Zr reaction as a surrogate for the 90Zr(n,γ)91Zr reaction. This meant that
the incident proton energy was optimised for measurements of the Jpi distribution
of 91Zr at energies around its Sn value. This (p,d) data is being analysed as part of
a separate study.
Fortunately, given the ability of STARLiTeR to differentiate between outgoing
deuterons and tritons, as described in Section 4.1.1, data for the 92Zr(p,t)90Zr reac-
tion were also collected.
4.3 Triton spectrum
As described in Chapter 3, the model developed calculates the discrete levels excited
in the residual 90Zr nucleus. These levels are observed indirectly in the experiment
by the spectrum of tritons emitted. A triton emitted at Emaxt , an energy equal to the
beam energy minus the reaction Q-value, will correspond to direct population of the
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ground state of 90Zr. Tritons emitted with an energy lower than this will correspond
to the population of excited states of the nucleus, as energy has remained within the
residual nucleus. Tritons emitted with energies higher than Emaxt cannot originate
from reactions on 92Zr and must be due to impurities in the target.
To allow for comparison with the experimental data, the model results are con-
verted from Jpi distributions as a function excitation energy to Jpi distributions as a
function of triton energy. The calculated triton spectra give the contribution from
each Jpi state populated. In the experiment, only the total tritons emitted as a func-
tion of energy will be measured and so for comparison we must sum our distributions
over the range of Jpi values.
Performing the conversion from E∗ to Et is not completely sufficient however,
as STARLiTeR does not cover a complete 4pi solid angle. Fortunately, twofnr
provides the angular distributions, in both centre-of-mass and laboratory frames, of
the outgoing tritons produced during the excitation of each state. By integrating
over these angular distributions in the range covered by STARLiTeR we are able to
calculate the magnitude of the expected triton spectrum.
4.3.1 Contribution to each detector pixel
The tritons created in the 92Zr(p,t)90Zr reation will be emitted with a distribution
of θ and φ angles. It is generally accepted that the scattering distribution for a
direct reaction is uniform through rotations of φ [111]. Therefore, for a standard
STARLiTeR measurement with the incident beam directed to the centre of the
detector annulus, the angular distribution of the tritons, at a given energy, may
be determined by comparing the number of counts detected in each radial ring,
integrated over all eight sectors. Each ring will subtend a different solid angle dΩ
which can be calculated trivially and the angular distribution will be given in terms
of the differential cross section dσ
dΩ
vs θ. As previously discussed in Chapter 2,
measurements of the angular distribution of a state at a specific energy may be used
to determine the Jpi of that state.
Alternatively, as already discussed, the cross section as a function of Et may be
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the quantity of interest. This cross section may typically be the ‘total’ spectrum
integrated over the entire detector or it may be the spectrum observed by a single
ring. In either case, determining the cross section will require a knowledge of the
solid angle subtended by the detector region of interest A
σA =
∫
A
dσ
dΩ
dΩ =
∫
A
sin θdθdφ . (4.1)
Unfortunately, for this measurement the point of beam/target interaction was
offset from the nominal value. The requested point was at x = 0mm, y = 0mm,
z = -19mm (relative to the ∆E layer) with the STARLiTeR coordinate system shown
in Figure 4.6 for clarity.
Figure 4.6: Coordinate system used in the STARS detector setup.
The actual beam/target interaction point was at x = 1.69mm, y = -2.01mm,
z = -19mm which means that each ring no longer subtends the same range of θ as
we rotate around it with respect to φ.
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Figure 4.7: Coordinate system used in calculating the solid angle subtended by
regions of the detector given an offset to the beam/target interaction point.
In order to calculate the solid angle subtended by the detector, or a subregion, we
must first convert into standard rectangular and spherical coordinate systems [112].
This coordinate system is illustrated in Figure 4.7. Our offset in the y direction is
now at +2.01mm, but the x and z coordinates of the beam/target interaction point
remain the same.
We then break up the region into small area elements dAi (as shown in Figure
4.8) given by
dAi = ri∆φ∆r (4.2)
and denote xi and yi as the coordinates of the centre of dAi. We set x0 and y0 as
the coordinates of the beam/target offset and we define ~r0i as the distance between
the offset beam/target interaction point and the centre of dAi. Given that
xi = ricosφi
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Figure 4.8: A diagram of how the detector is split into area elements dAi in order
to calculate the dσi subtended by different regions of the detector.
yi = risinφi ,
where ri is the radius from the centre of the detector to the centre of dAi, we may
obtain an expression for ~r0i;
~r0i = (xi − x0)ˆi+ (yi − y0)jˆ + dkˆ , (4.3)
where d = -19mm.
The scattering angle into dAi will be given by
cosθi =
~r0i.kˆ
|~r0i| =
d
r0i
, (4.4)
where r0i is given by
r0i =
√
(xi − x0)2 + (yi − y0)2 + d2 .
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The solid angle subtended by the element dAi will therefore be given by
dΩ0i =
dAicosθ0i
r20i
=
(ri∆φ∆r) d
r30i
. (4.5)
4.3.2 Solid angle code
A computer code has been written as part of this study to calculate the solid angle
subtended by the STARS detector given an arbitrary beam/target interaction point.
By following the process of the previous section, the code is able to calculate the
solid angle subtended by either the whole detector or any subset of its pixels. When
a desired region is specified, say the solid angle subtended by a specific ring, the
code will perfom a summation of dΩi over the dAi elements which make up that
region. This solid angle can be combined with the differential cross section, as a
function of laboratory scattering angle, calculated by twofnr in order to calculate
the triton cross section for each state as seen by this region of the detector
σregion =
[∑
i
dσ
dΩ
(θ0i)
(
ri
r30i
)]
(∆φ∆rd) . (4.6)
As part of its calculation of Equation (4.6) the code will also determine the
angular range in θ (and φ) of each region. The angular coverage of θ calculated for
each ring is given in Table 4.1.
The angular range covered by each detector ring is now much larger than ex-
pected for a typical STARLiTeR measurement. Also, given the offset of the beam,
the angular coverage of each ring varies considerably as we move around its circum-
ference. This means that the experimental angular distributions must be determined
by examining the detector on a pixel by pixel basis. Equation (4.6) may be used
for a single detector pixel and the θ range for this pixel also found. This allows an
experimental angular distribution to be determined by taking the counts found in
each pixel and apportioning them to a particular angular bin. The number of counts
can be weighted by the solid angle of the pixel. This process allows a coarse angular
distribution to be determined for tritons emitted within a specific energy range.
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Ring θmin /deg θmax /deg dΩ / sr
1 24.43 37.10 0.124
2 26.88 38.97 0.126
3 29.23 40.75 0.127
4 31.48 42.43 0.127
5 33.62 44.03 0.125
6 35.66 45.55 0.124
7 37.60 46.99 0.121
8 39.44 48.36 0.119
9 41.20 49.66 0.116
10 42.86 50.89 0.113
11 44.44 52.06 0.109
12 45.94 53.17 0.106
13 47.36 54.23 0.102
14 48.71 55.23 0.099
15 49.98 56.19 0.095
16 51.20 57.10 0.092
17 52.35 57.97 0.088
18 53.45 58.80 0.085
19 54.49 59.59 0.082
20 55.49 60.34 0.079
Table 4.1: Angular coverage and solid angle subtended by each detector ring.
4.3.3 Analytical check
The results of the code developed in Section 4.3.2 were validated against analytic
cases. For the case of the experiment having no beam offset, the calculation of the
solid angle subtended by an annulus, or detector ring, with inner and outer radii
rmin and rmax respectively, is a trivial matter
θrmin,max = tan
−1
(rmin,max
d
)
Ω =
∫ ∫
sin θdθdφ = 2pi [cos θrmin − cos θrmax ] . (4.7)
The developed code was used to calculate the numerical approximation, using 40
dr and 40 dφ dAi cells, to the analytic results and the two compared with satisfactory
results.
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4.3.4 Suspect data
The sectors of the detector are numbered 1 to 8 with their locations described in
Table 4.2. An initial inspection of the data measured shows that there were technical
problems with Sectors 1 and 8 [110]. The data from these regions of the detector are
therefore considered unreliable and have been excluded from the analysis conducted
and reported in the following chapter. The code described in Section 4.3.2 was
modified in order to exclude regions with bad data from calculations of larger regions
of the detector.
Sector Range of φ values / degrees Range on a clock face
1 90-135 6 to 7:30
2 135-180 7:30 to 9
3 180-225 9 to 10:30
4 225-270 10:30 to 12
5 270-315 12 to 1:30
6 315-360/0 1:30 to 3
7 0-45 3 to 4:30
8 45-90 4:30 to 6
Table 4.2: Positions of the eight sectors of the STARS detector given in terms of
their φ ranges and positions relative to a clock face.
It also transpires that no triton counts were recorded in Rings 19 to 24. This is
not due to a technical issue with the detector, but rather an issue with geometry.
The steep angle between the point of beam/target interaction and Rings 19 to 24
meant that any incident tritons would either stop in the ∆E layer of the detector due
to the extended path length through it or they would pass through, but miss the first
E layer and hence not register as a valid count (see Figure 4.9). When calculations
to predict the triton spectrum detected by the entire detector were made, the solid
angle contribution of these outer rings was ignored.
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Figure 4.9: Schematic showing the different layers of the STARS detector. The two
rays labelled 1 and 2 represent possible paths for emitted tritons. Ray 1 passes
through both the ∆E and E layers and so has both its energy and scattering angle
measured. However, ray 2 is emitted at a larger angle and only passes through the
∆E layer. This means that its energy is not measured and it is not included in the
recorded triton dataset. This explains why the outer rings of the STARS detector
do not return triton data.
4.4 Product kinetic energy
For a proton incident on an (A + 2) nucleon nucleus, causing a (p,t) reaction and
leaving a triton and recoiling nucleus A, we have an energy balance equation of
Ep +Q = Et + EA , (4.8)
where Q is the Q-value of the reaction. The energy EA will have two different
components
EA = E
KIN
A + E
∗
A ,
corresponding to the kinetic energy of the recoiling nucleus and the energy of its
internal excitation respectively. When we move to the laboratory frame of reference,
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in which measurements are obviously taken, the kinetic energies of the emitted
triton and recoiling nucleus will vary as a function of outgoing angle. Therefore our
calculated triton spectra will have their energies shifted according to angle depending
upon which region of the detector we are performing the calculation for.
However, in order to account for this effect and to allow for easier comparison of
the data recorded between detector regions, the measured results have been shifted
in energy. This adjustment is particularly useful in determining the angular distri-
butions of discrete states, as it is possible to gate on the same energy region in each
detector pixel without needing to apply angle dependent corrections. The energy
presented as that measured is in fact the total kinetic energy of the triton plus the
recoiling nucleus
E ′t = Et + E
KIN
A , (4.9)
which we shall refer to now as the product kinetic energy. By a knowledge of the
outgoing triton energy along with its scattering angle, it is possible to use momentum
conservation to calculate EKINA which is not measured in the experiment [113].
4.5 γ-ray detection
In addition to the triton spectra recorded, the experimental setup also records the
prompt γ-rays emitted following the detection of a triton. The γ-rays are recorded in
three thousand 1 keV energy channels with an energy resolution of ≈ 5 keV FWHM
at 1 MeV. This also allows for the creation of a subset of triton data, i.e. tritons
which are emitted followed by a γ-ray (or rays). The γ-rays measured are stored
in two 2D histograms with this triton subset. The first matrix is of Eγ vs E
′
t vs γ
counts and the second Eγ vs E
′
t vs triton counts.
Storing the data in these formats allows them to be interrogated in a number of
useful ways to produce the following types of output:
• The spectrum of tritons detected before a coincident γ-ray integrated over all
γ energies. Comparing this spectrum against that described in Section 4.3
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allows states which do not decay via γ-ray emission, or which are long lived,
to be identified.
• The spectrum of γ-rays detected integrated over all triton energies.
• The spectrum of tritons detected followed by the emission of a γ-ray in a
specific energy bin. This allows tritons emitted due to the population of a
specific final state to be resolved.
• The spectrum of γ-rays detected following the emission of a triton in a specific
energy bin. This allows the γ-cascade following excitation of a specific state
to be determined.
Figure 4.10 shows the triton spectrum measured in this experiment which corre-
sponds to the first type of data listed above. It will be seen in Chapter 5 that this
spectrum is missing considerable strength from the right-most peak when compared
to the total measured triton spectrum. This peak corresponds to the population of
the ground state of 90Zr and so does not undergo γ-decay.
Figure 4.11 shows the γ-ray spectrum measured following the detection of any
energy of triton. In order to illustrate the ability to interrogate the data given by
this matrix format we place an energy gate on the γ-ray centred on channel 2188
(or rather an energy of 2188 keV) and plot the tritons which were measured in coin-
cidence in Figure 4.12. As may be seen, only a subset of the triton spectrum shown
in Figure 4.10 is plotted. The triton spectrum shown in Figure 4.12 corresponds to
the population of states with a minimum energy equal to this γ-ray.
4.5.1 Temporal gating
A γ-ray is considered coincident if it is detected within ≈ 100ns of a triton being
recorded. The length of this temporal gate is set by the physics of the incident
proton beam which pulses at a similar frequency. A drawback of having such a
narrow coincidence window is that the decay of any long lived states populated via
the (p,t) reaction will not be measured.
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Figure 4.10: Triton spectrum measured for the 92Zr(p,t)90Zr reaction followed by
the emission of any energy of γ-ray.
Figure 4.11: γ-ray spectrum measured for the 92Zr(p,t)90Zr reaction following the
detection of a triton of any energy.
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Figure 4.12: Triton spectrum measured for the 92Zr(p,t)90Zr reaction followed by
the emission of γ-rays measured between 2177 and 2198 keV.
90Zr has an E∗ = 2.319 MeV isomeric 5− state which has previously been ob-
served via (p,t) and other reactions [75]. The lifetime of this state is 809.2ms and
so its decay will fall outside of this coincidence gate. This will not only affect the
measurement of the direct population of this state but will also mean that only a
portion of any γ-ray cascade which passes through this state, following the decay of
a higher energy state, will be observed.
Fortunately, the level structure input into talys includes the lifetimes of each
state and the code can be set to ignore γ-decays which travel from or through
states with a lifetime above a user specified value. This means that the γ-spectrum
calculated via talys should be corrected to account for this finite temporal gate.
Chapter 5
Results and Analysis
5.1 Calculated Jpi distribution
The theoretical prescription outlined in the previous chapters was used to perform
calculations of the Jpi spin distribution of the excited states in 90Zr which would be
expected to be populated following the 92Zr(p,t)90Zr reaction. The global OMPs
of Bechetti and Greenlees (proton) and Li et al. (triton) were used for the DWBA
components of the calculation (see Chapter 2) and a Skx Skyrme potential was used
for the Hartree-Fock energy level calculations (see Chapter 3). It was found that it
was energetically feasible for an incident 28.53 MeV proton to populate 41 discrete
excited states in the 90Zr nucleus. These states populate excitation energies up to
E∗ = 17.343 MeV and Jpi values up to 8+. The calculated states are presented in
Table 5.1. The Jpi and E∗ values of each level are presented, as well as the quantum
numbers of the transferred neutron pair and di-neutron, the structural factor for the
pair transferred, the DWBA calculated dynamical cross section, and the full cross
section for population of the state.
5.2 Triton spectra
As discussed in Section 4.4, the excitation energies of these states may be translated
into the energies of the tritons which would be emitted following their excitation.
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Jpi N n1 l1 j1 n2 l2 j2 E
∗ [MeV] G B [mb] σ [mb]
0+ 4 1 2 5/2 1 2 5/2 0.000 0.311 20.1 1.94
2+ 3 0 4 9/2 1 2 5/2 3.661 0.216 14.2 6.66x10−1
4+ 2 0 4 9/2 1 2 5/2 4.267 0.258 6.79 4.50x10−1
6+ 1 0 4 9/2 1 2 5/2 4.450 0.411 2.17 3.68x10−1
3− 2 1 1 1/2 1 2 5/2 7.010 -0.454 3.85 7.94x10−1
0+ 4 0 4 9/2 0 4 9/2 7.559 0.089 11.0 8.75x10−2
5− 1 0 3 5/2 1 2 5/2 7.559 -0.675 1.21 5.50x10−1
1− 3 1 1 3/2 1 2 5/2 7.710 0.367 6.09 8.22x10−1
3− 2 0 3 5/2 1 2 5/2 7.840 -0.177 3.24 1.02x10−1
1− 3 0 3 5/2 1 2 5/2 7.935 -0.053 5.80 1.60x10−2
3− 2 1 1 3/2 1 2 5/2 8.281 0.406 2.93 4.84x10−1
2+ 3 0 4 9/2 0 4 9/2 8.822 0.115 5.90 7.80x10−2
4+ 2 0 4 9/2 0 4 9/2 9.016 0.164 2.69 7.21x10−2
6+ 1 0 4 9/2 0 4 9/2 9.102 0.293 8.32x10−1 7.15x10−2
8+ 0 0 4 9/2 0 4 9/2 9.159 0.719 1.29x10−1 6.64x10−2
5− 1 1 1 1/2 0 4 9/2 11.623 -0.863 3.90x10−1 2.90x10−1
1− 3 0 3 7/2 1 2 5/2 11.635 0.235 1.81 9.96x10−2
7− 0 0 3 5/2 0 4 9/2 12.116 -1.875 5.27x10−2 1.85x10−1
3− 2 0 3 7/2 1 2 5/2 12.397 0.28 7.84x10−1 6.16x10−2
5− 1 0 3 5/2 0 4 9/2 12.419 -0.362 2.83x10−1 3.71x10−2
3− 2 1 1 3/2 0 4 9/2 12.488 0.553 7.51x10−1 2.29x10−1
3− 2 0 3 5/2 0 4 9/2 12.518 -0.109 7.40x10−1 8.81x10−3
5− 1 0 3 7/2 1 2 5/2 12.605 0.427 2.60x10−1 4.74x10−2
5− 1 1 1 3/2 0 4 9/2 12.921 0.705 2.23x10−1 1.11x10−1
0+ 3 1 1 1/2 1 1 1/2 14.020 0.296 3.00x10−1 2.62x10−2
0+ 3 0 3 5/2 0 3 5/2 14.984 0.146 1.15x10−1 2.46x10−3
2+ 2 0 3 5/2 1 1 1/2 15.002 0.474 8.65x10−2 1.95x10−2
2+ 2 1 1 3/2 1 1 1/2 15.520 0.725 4.14x10−2 2.18x10−2
2+ 2 0 3 5/2 0 3 5/2 15.755 0.192 2.75x10−2 1.01x10−3
4+ 1 0 3 5/2 0 3 5/2 15.889 0.275 1.02x10−2 7.75x10−4
1− 3 0 3 7/2 0 4 9/2 15.910 0.218 3.75x10−2 1.78x10−3
4+ 1 1 1 3/2 0 3 5/2 16.121 1.03 6.24x10−3 6.62x10−3
0+ 3 1 1 3/2 1 1 3/2 16.353 0.418 9.49x10−3 1.66x10−3
2+ 2 1 1 3/2 0 3 5/2 16.388 0.254 6.66x10−3 4.28x10−4
3− 2 0 3 7/2 0 4 9/2 16.872 0.267 2.05x10−3 1.46x10−4
2+ 2 1 1 3/2 1 1 3/2 16.887 0.512 1.45x10−3 3.81x10−4
4+ 1 0 2 3/2 1 2 5/2 17.076 -0.595 3.58x10−4 1.26x10−4
5− 1 0 3 7/2 0 4 9/2 17.111 0.443 3.81x10−4 7.49x10−5
2+ 2 1 0 1/2 1 2 5/2 17.242 0.433 3.74x10−4 7.01x10−5
7− 0 0 3 7/2 0 4 9/2 17.246 1.021 3.61x10−5 3.76x10−5
2+ 2 0 2 3/2 1 2 5/2 17.343 -0.146 2.43x10−4 5.20x10−6
Table 5.1: Excited levels predicted to be populated in 90Zr following the 92Zr(p,t)90Zr
reaction. The subscripts 1 and 2 refer to the identity of the transferred neutron, G
is the complete structural factor amplitude and B is the dynamical DWBA cross
section. The total cross section σ is for the reaction integrated over all angles.
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Figure 5.1: The triton spectrum predicted to be observed in Ring 1 of the STARS
detector. The contribution from each individual transition is shown, as well as the
total summed distribution shown in black.
Figure 5.1 shows the same Jpi distribution as a function of outgoing triton, or rather
product, kinetic energy. Also, the cross section is now only that for tritons incident
on Ring 1 of the STARS detector. The states have been spread in energy according
to the method of Brown and Rho outlined in Section 3.3. The black curve gives the
sum over all of the individual states and corresponds to what would be physically
observed during an experiment.
The calculated summed triton distribution for Ring 1 is compared against the
measured data in Figure 5.2. At this point in the analysis the experimental beam
statistics, i.e. current, live time, etc, were unavailable and so rather than comparing
the magnitude of the measured cross section vs energy, we are simple comparing the
two distributions qualitatively. The areas under both curves have been normalised
to be equal to one another.
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Figure 5.2: Theory vs data comparison for the triton spectrum detected by Ring 1
of the detector.
As may be seen, the spreading of states in the calculated results has created a
triton distribution with fewer features than are present in the data. It is therefore
difficult to determine if individual levels are predicted at the correct energies. The
calculations were therefore repeated, but this time the states were only spread in
energy by an amount equal to the experimental resolution. It can also be seen that
the peak at E ′t ≈ 21.1 MeV corresponding to direct population of the 90Zr ground
state is overpredicted in the calculation.
5.3 Level energies
Figure 5.3 gives a comparison of the calculated and measured data for the case of
unspread levels. In this case the comparison is for the triton distribution over the
entire 18 usable rings of the STARS detector. This is to avoid possible differences in
the calculated positions of maxima and minima in angular distributions from mask-
ing the presence of a state. As may be seen in Figure 5.3, there is a mismatch in
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Figure 5.3: Theory vs data comparison for the triton spectrum integrated over all
rings of the detector. In this case the theoretical states contributing to the total
distribution are only spread by a width equal to that of the experimental resolution.
the positions of the calculated levels with those measured. As described in Sections
3.2.3 and 4.4 the calculated energies of the excited levels are dependent upon the
Skyrme potential selected. The calculations were repeated using a number of differ-
ent Skyrmes with Figures 5.4, 5.5 and 5.6 showing the results of three alternative
potentials; Skxs15, Skxs20 and Skxs25 respectively.
As may be seen, none of these alternative Skyrmes provides a better match than
that achieved via the use of Skx. In particular, Skx appears to provide a good
match in energy to a ‘doublet’ of states at E ′t ≈ 16.5 - 17 MeV. It is obvious from
an inspection of the calculated level positions against the experimental data, that
some energy ranges are missing states. We shall explore whether or not these sparse
regions are accounted for via the spreading/fragmentation of states in our model.
It may also be observed in the plots of the various Skyrme results that a number
of states are predicted at E ′t . 9.5 MeV. These states may actually be real and
are simply not observed in the experiment as the lower energy tritons lack the
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Figure 5.4: Theory vs data comparison with the Skxs15 Skyrme potential used
for the theoretical calculations. The theoretical states contributing to the total
distribution are only spread by a width equal to that of the experimental resolution.
Not all of the ground state peak is shown in order to allow for a closer inspection of
the match for the smaller peaks.
pentetrative power to reach the E layers of the STARS detector (see Section 4.1.1).
Scaling the cross section using a decaying exponential term to simulate this fall off in
the measured data was considered. However, this was determined to be unnecessary
for the purposes of this study and furthermore the boundaries of the falling region
are difficult to determine in advance as they are a function of many terms; incident
angle, energy, etc, and so cannot easily be incorporated into a purely predictive
model.
5.3.1 Spreading width
Even when taking the fragmentation of states into account, it would appear that our
spreading widths calculated via the method of Brown and Rho are too large [114].
With no prior information on the application of this method to two neutron transfers,
we are granted some liberty to tune our widths to the experimental data [115]. A
value of half of the full Brown and Rho width was decided upon as a reasonable
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Figure 5.5: Theory vs data comparison with the Skxs20 Skyrme potential used
for the theoretical calculations. The theoretical states contributing to the total
distribution are only spread by a width equal to that of the experimental resolution.
spreading width to account for fragmentation, but still maintain some structure in
the distribution. Figure 5.7 gives the size of the half Brown and Rho spreading
width as a function of excitation energy and Figure 5.8 gives the comparison of the
results of using this half width against the experimental data.
5.3.2 Jpi assignments
If states are missing from our model, but still accounted for via our spreading of
states, then a measured state should be overlapped in energy by a spread out /
fragmented, calculated state with the same Jpi value. We expect a range of even
and odd Jpi states to be populated throughout our energy region of interest. In
order to quickly confirm if our model reproduces a realistic spread of Jpi values over
excitation energy, calculations of the summed triton distribution were performed for
the case of even Jpi states only and then odd Jpi states only. The results of these
calculations are shown in Figures 5.9 and 5.10.
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Figure 5.6: Theory vs data comparison with the Skxs25 Skyrme potential used
for the theoretical calculations. The theoretical states contributing to the total
distribution are only spread by a width equal to that of the experimental resolution.
As may be seen clearly in Figures 5.9 and 5.10, the calculated distribution of even
or odd states is not uniform against excitation energy. Even states are clustered at
lower excitation energies whereas odd states populate higher energies. An inspection
of the level structure previously observed in 90Zr will indicate whether this clumping
of like parity states truly represents reality. Table 5.2 shows the excited levels of 90Zr
previously observed to be populated via the 92Zr(p,t)90Zr reaction [47]. Additional
levels have also been observed via a number of other reactions, however, these shall
not be considered at this time. Also shown in Table 5.2 are the states calculated in
this energy region by our model using the Skx potential.
As may be seen, the number of experimental levels is greater than the number
of calculated levels in this region. This is not surprising given the expected frag-
mentation we have previously discussed. However, the measured levels include both
even and odd Jpi states indicating a failure of our method in predicting the correct
energies for states. A promising result however, is the prediction of 4+and 6+ states
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Figure 5.7: The size of the half Brown and Rho spreading width used in these
calculations (green curve), shown as a function of excitation energy.
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Figure 5.8: Comparison of theoretical results, using the half Brown and Rho spread-
ing width, against experimental data for all rings of the detector.
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Figure 5.9: Comparison of measured data against the calculated triton distribution,
constructed from a sum of only the even Jpi states.
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Figure 5.10: Comparison of measured data against the calculated triton distribution,
constructed from a sum of only the odd Jpi states.
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Theory Measured
E∗ [MeV] Jpi E∗ [MeV] Jpi
1.760 0+
2.186 2+
2.319 5− ∗
2.748 3−
3.661 2+
4.126 0+
4.223 (2+)
4.238 ?
4.267 4+
4.334 4+
4.424 0+
4.450 6+
4.541 6+
4.681 2+
4.817 3−
5.068 ?
5.110 3−
5.314 3−
5.504 1−
5.938 3−
Table 5.2: A comparison of the energies and Jpi values of states observed via previous
(p,t) measurements [47] against the lowest lying states predicted by the developed
(p,t) model. The Jpi value in brackets is a provisional assignment and * indicates
an isomeric state.
at almost the same energies as two previously observed levels. It would appear
that this 4+/ 6+ doublet is that observed in the current dataset, and previously
identified, at E ′t ≈ 16.5 - 17 MeV. This may well indicate that the mechanism for
populating these states is well described by our model, with the two neutrons taken
from near-ideal single-particle shell model orbitals in a
[
0g 9
2
⊗ 1d 5
2
]
configuration.
Our model also predicts a strongly populated 2+ state, but this does not appear
to be present at the same energy in the current dataset. The general mismatch
between the calculated and measured level positions and strengths implies a more
sophisticated theoretical structure treatment is required.
Before a different approach to calculating the level energies is explored, we shall
briefly explore possible explanations for unexpected peaks observed in the current
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dataset.
5.3.3 Contaminants
As was discussed in Section 3.1.2 it is possible that tritons may be observed which
originate from (p,t) reactions on the other Zr isotopes present as contaminants in
the 92Zr target. Due to the S2n values for
94Zr and 96Zr, tritons present due to
the direct population of their ground states via the 96Zr(p,t)94Zr or 94Zr(p,t)92Zr
reaction will be at energies higher than E ′t = 22 MeV and so cannot appear as
false 92Zr(p,t)90Zr peaks. The peak resulting from the direct population of the 92Zr
ground state following the 94Zr(p,t) reaction can indeed easily be identified at E ′t ≈
22 MeV and is highlighted in Figure 5.11. It should be noted that its population
relative to that of the 90Zr ground state is on the same order as shown in Figure 3.2.
The number of tritons emitted from 96,94Zr(p,t)94,92Zr reactions populating excited
states, and which could therefore appear in our energy region of interest, are likely
to be negligible compared to those observed from the 92Zr(p,t)90Zr reaction.
Tritons emitted from the direct population of the 89Zr and 88Zr ground states
will fall into our range of interest. The peak corresponding to the 89Zr ground
state will be at E ′t = 17.85 MeV and that corresponding to the
88Zr ground state
at E ′t = 15.72 MeV. An inspection of the data, combined with a knowledge of the
estimated size of each peak relative to the 90Zr ground state peak (see Figure 3.2),
seems to suggest that the 88Zr peak will be unobservable due to the background
of tritons from the 92Zr(p,t)90Zr reaction in that region. However, the peak due to
89Zr is possibly visible in the data above background at E ′t = 17.85 MeV and is also
highlighted in Figure 5.11.
5.3.4 Unnatural states
As previously discussed in Section 2.6, the model developed includes the assumption
that unnatural-parity states are forbidden. This is due to the two neutrons being
transferred in a single step as a di-neutron, possessing an intrinsic spin of S =
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Figure 5.11: Experimental data recorded by all detector rings in the energy region
17.5 - 23 MeV, with the peaks due to direct population of the 89Zr and 92Zr ground
states highlighted at E ′t ≈ 17.85 and 22.1 MeV respectively.
0. Despite this assumption, the model still calculates the energies and Jpi values
of potential unnatural-parity states which would be populated via the transfer of
various neutron pairs. However, the cross section calculated for these states is zero,
due to the Brody-Moshinsky bracket equalling zero for S 6= 0 transfers.
We will investigate whether any of these unnatural states, which could be popu-
lated via more complicated interactions, may be seen in the measured data. It may
be seen in Table 5.2 that two states, previously measured via (p,t), have unassigned
values of Jpi and so may be unnatural. Furthermore, unnatural states have been
observed in 90Zr via other reactions. Table 5.3 lists the unnatural levels previously
observed in 90Zr [98], along with the two unassigned levels previously seen via the
92Zr(p,t)90Zr reaction, and compares them against the energies of the calculated
unnatural states. It should be noted that transitions to unnatural states are not
split by the residual interaction given in Equation (3.3).
As can be seen in Table 5.3, the two predicted unnatural states at 4.613 MeV
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Theory Measured
E∗ [MeV] Jpi N n1l1j1 n2l2j2 E∗ [MeV] Jpi
4.238 ?
4.540 6−
4.580 1+
4.613 3+ 2 0g9/2 1d5/2
4.613 5+ 1 0g9/2 1d5/2
5.060 7+
5.068 ?
5.248 9+
7.010 2− 1p1/2 1d5/2
7.774 2−
7.992 2− 0f5/2 1d5/2
7.992 4− 0f5/2 1d5/2
8.032 2−
8.510 2− 1p3/2 1d5/2
Table 5.3: The excitation energies of unnatural-parity levels previously observed in
90Zr [98]. Also shown are the energies of predicted potential unnatural-parity states
along with the quantum numbers of the relevant transferred neutron pair.
could be potential candidates for the unassigned levels at 4.238 MeV and 5.068 MeV.
The two observed 2− levels have predicted counterparts at energies which, although
not the same, are close enough to provide a reasonable match given the limitations of
our Hartree-Fock approach. It is however unlikely that any of the significant peaks
in the data would be replicated in the theoretical triton distribution by incorporating
these additional calculated states.
5.4 γ-ray cascade results
As described in Section 3.4, the talys code was used to calculate the γ-ray decay
cascade following the population of the excited 90Zr nucleus. The spin distribution
as a function of excitation energy was divided into discrete bins and the distribution
within each bin supplied to talys. talys then performs a decay calculation using its
supplied level structure and branching ratios. The total spin distribution calculated
is shown in Figure 5.12.
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Figure 5.12: Calculated spin distribution for 90Zr as a function of excitation energy
following the 92Zr(p,t) reaction.
The γ-ray spectra calculated for each excitation bin are then combined to create
a 3-dimensional plot of product kinetic energy vs γ-ray energy vs γ-ray intensity
which may be compared against the experimental data. The calculated results are
shown in Figure 5.13. As discussed in Section 4.5, the decay of states with a lifetime
of & 100ns will not be observed in the experimental data and so Figure 5.14 shows
the results of calculations with the decay of these states forbidden. The calculated
results given in Figure 5.14 may be compared against the experimental data in
Figure 5.15. The resolution of the calculated results is unfortunately fairly coarse
due to limitations in the energy bin structure available in talys. The experimental
data have therefore been binned using the same energy grid to allow for easier
comparison.
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Figure 5.13: Calculated strength (in arbitrary units) of γ-ray emission as a function
of both γ-ray energy and product kinetic energy.
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Figure 5.15: Measured strength (in arbitrary units) of γ-ray emission as a function
of both γ-ray energy and product kinetic / particle energy energy. Plot courtesy of
Jason Burke [110].
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As can be seen the theoretical results reproduce many features seen in the ex-
perimental data. Specifically, strong γ-lines are seen in both cases at Eγ ≈ 400, 600,
900, 1100 and 2200 keV. These are also seen to become populated below roughly the
same product kinetic (particle) energies, corresponding to the population of states
in 90Zr above specific excitation energies.
No data are recorded below a particle energy of ≈ 8.5 MeV due to the previously
discussed issue of tritons being unable to penetrate the ∆E layer of the STARS
detector at lower energies. Therefore, this region may not be compared to the
theoretical predictions for this experiment.
It can be seen that strong intensities of γ-rays with Eγ . 400 keV are observed
between particle energies of ≈ 10 - 17 MeV, but that these are not predicted by
the theoretical model. These γ-rays are most likely due to the excitation of levels
populated above the energy of the transition from the discrete level regime to the
continuous bin structure in the talys calculation (see Section 3.4.1). In the cal-
culation only transitions from discrete levels will produce γ-rays and so strength
corresponding to transitions between and from states in the continuum region will
be missing from the cascade. Increasing the number of discrete levels which may
participate in the calculation, hence raising the energy of the transition from discrete
levels to the continuum, may lead to a better match to the data in this region.
5.5 Angular distributions
As discussed in Section 4.3 the range of angles, in θ, subtended by each pixel of the
detector has been determined. By gating on the energy region around a uniquely
identifiable peak in the triton spectrum measured by each pixel, we are able to deter-
mine the angular distribution of the state corresponding to the peak. Unfortunately,
due to the mispointing of the beam incident on the target, each pixel corresponds
to a fairly broad range of angles and so the resolution of the angular distribution is
very coarse. The measured angular distribution reported at each angle corresponds
to the number of counts in each pixel (divided by the solid angle dΩ subtended by
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the pixel) overlapping that θ value. The angular distribution is then normalised to
give an area under the curve equal to unity.
As was the case for the calculations of the triton spectra, the angular distributions
calculated via the Bechetti and Greenlees (proton) and Li et al. (triton) global OMPs
were compared against the data. The calculated results were normalised to give the
same total area under the curve as the measured data.
Individual states are difficult to identify above a few MeVs of excitation and in
many cases there is no analogous state predicted by the theoretical model. Therefore
only three angular distributions have been compared, these are: the 0+ ground state
and the 4+and 6+ states at E∗ ≈ 4.5 MeV. The differences in E∗ for the 4+and 6+
states between the model and experimental results have not been removed at this
stage.
The angular distributions calculated using twofnr with the Li et al. OMP do
not show a good match with the experimental data. The model was rerun using the
Pang et al. global triton OMP with a slightly better match obtained, particularly
for the 0+ ground state. The comparisons of calculations against the experimental
data, using both triton OMPs, are shown in Figures 5.16, 5.17 and 5.18.
As may be seen, the Pang OMP provides the best match for the 0+ state, neither
provides a good match to the 4+ state and both are a good match to the 6+ data.
There are many possible reasons for the variability of the matches, including: the
global OMP applied being unsuitable for this system, experimental errors and the
underestimation of cross section error bars (currently small as taken as a
√
N count-
ing error only), and the experimental state being compared against actually being
either a different Jpi or an admixture of overlapping states (the second of which is
certainly a possibility in the region of the 4+and 6+ doublet).
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Figure 5.16: Comparison of the experimental angular distribution for the 0+ ground
state against the model predictions made using both the Li et al. and Pang et al.
OMPs.
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Figure 5.17: Comparison of the experimental angular distribution for the 4+ state
of the E∗ ≈ 4.5 MeV 4+/6+ doublet against the model predictions made using both
the Li et al. and Pang et al. OMPs.
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Figure 5.18: Comparison of the experimental angular distribution for the 6+ state
of the E∗ ≈ 4.5 MeV 4+/6+ doublet against the model predictions made using both
the Li et al. and Pang et al. OMPs.
5.6 Performance of 92Zr(p,t) as a surrogate
5.6.1 Direct (n,γ) calculation
A calculation was performed of the expected 90Zr compound nucleus spin distri-
bution formed in a direct, i.e. non-surrogate, (n,γ) reaction, in order to compare
against that expected in a surrogate (p,t) measurement. This direct calculation was
performed on behalf of the author by Ian Thompson, using the fresco code [116].
fresco is a coupled-channels nuclear reaction code, written by Ian Thompson,
which can be applied to a wide array of calculations.
The calculation of a neutron captured by 89Zr to form an excited 90Zr nucleus
was performed at five incident energies between 1 and 5 MeV using the Koning-
Delaroche global neutron OMP. The calculated spin distribution is shown in Figures
5.19 (natural-parity states) and 5.20 (unnatural-parity states).
For 90Zr Sn = 11.968 MeV and so the spin distribution formed is at an energy
equivalent to that of the surrogate (p,t) spin distribution in an energy range of E∗ ≈
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Figure 5.19: Natural-parity states calculated by fresco to be populated in the n
+ 89Zr reaction.
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Figure 5.20: Unnatural-parity states calculated by fresco to be populated in the
n + 89Zr reaction.
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Figure 5.21: Spin distribution calculated to be populated via 92Zr(p,t)90Zr at an
energy range equivalent to an incident neutron in the range 1 - 5 MeV.
13 - 17 MeV or E ′t ≈ 8 - 4 MeV. The calculated 90Zr spin distribution from 92Zr(p,t)
in this energy range is given in Figure 5.21.
A qualitative comparison of the states in Figure 5.21 against the even parity
states in Figure 5.19 shows that in both cases a 5− state is predicted to be the
most strongly populated in this energy region. However, the relative strengths of
the other states differ between the two reactions. An exact match is not necessarily
expected though as the fresco calculations are populating continuous E∗, Jpi bins
(see Section 3.4.1) instead of the discrete states populated in the (p,t) model.
Also, the neutron capture calculation predicts levels populated which possess
unnatural Jpi assignments. These are not predicted by our model given the simul-
taneous di-neutron transfer assumption made.
The γ-ray cascades predicted for both a direct neutron capture calculation and
the (p,t) case were also compared at an effective incident neutron energy of 1 MeV.
The γ-ray cascade for the n + 89Zr case was calculated using the talys code. The
predicted γ-ray spectra are shown in Figures 5.22 and 5.23 and their ratio given in
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order to allow for easier comparison in Figure 5.24.
As may be seen in Figure 5.24, a number of γ-rays seen in the decay of 90Zr
following the neutron capture reaction are missing (or severely underpredicted) in
the equivalent surrogate case. Differences between the two spectra include:
• A doublet of lines are missing from the surrogate case at Eγ ≈ 0.13 MeV.
Both of these are due to transitions from states which are too long lived to
be included in our model, i.e. with a lifetime > 100ns: an 809ms 5− state at
2.319 MeV and a 131ns 8+ state at 3.589 MeV.
• Transitions from the same 5− and 8+ states are also responsible for the missing
γ-rays at 2.319 and 1.270 MeV respectively.
• A line at 1.076 MeV due to the decay of a level of 86Sr, following a prior α-
particle decay of 90Zr is also missing from the surrogate γ-ray spectrum. It
is unclear why this state is missing, but is most likely due to the mechanics
of the talys calculation rather than the physics of the system. In the (p,t)
case, each bin of the spin distribution is only very weakly populated compared
to the neutron capture case and it is possible that the population of 86Sr is
so small that it has fallen below a threshold in the calculation and so been
ignored in the output.
• A number of other decay transitions are still present in the surrogate case, but
severely underpredicted compared to the neutron capture case. It appears as
though this is due largely to the states which feed these transitions being only
weakly populated, if at all, in the surrogate case. For example a 6− → 5−
transition is responsible for the underpredicted line at 1.913 MeV. There is
no direct population of a 6− state in our model and so for this transition to
occur, prior transitions to this 6− state are required. It is likely in the direct
case, that this state and others will be populated directly in the formation of
the excited compound nucleus.
5.6 Performance of 92Zr(p,t) as a surrogate 113
Figure 5.22: γ-ray spectrum calculated for the decay of 90Zr following the capture
of a 1 MeV neutron by 89Zr.
Figure 5.23: γ-ray spectrum calculated for the decay of 90Zr following the
92Zr(p,t)90Zr reaction populating a spin distribution at an equivalent incident neu-
tron energy of 1 MeV.
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Figure 5.24: Ratio of the normalised neutron capture to surrogate γ-ray spectra.
As discussed in Chapter 1, a reaction can be considered suitable as a surrogate
if its observable decay products may be used to constrain the parameters of the
calculation of the desired reaction. For a surrogate to the (n,γ) reaction, the key
observables are strong γ-ray transitions in the compound nucleus decay cascade.
Given, as shown in Figure 5.24, that the ratio of the γ-rays seen in each case is not
far from unity for the majority of transitions, it would seem as though the lack of a
population of unnatural-parity states in the (p,t) model does not completely destroy
its potential as an (n,γ) surrogate.
5.6.2 Comparison against 91Zr(p,d)
As has previously been discussed, the experiments on Zr which yielded the (p,t)
data compared to in this study were primarily conducted to extract (p,d) surrogate
data. Data for 91Zr(p,d)90Zr are therefore available for us to compare the 92Zr(p,t)
data against in order to see how differently each reaction populates states in 90Zr.
This comparison is shown in Figure 5.25 as a function of the excitation energy of
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90Zr. Data for 90Zr(p,p’) were also collected, however these were not available to the
author in time for inclusion in this study.
It should be noted that the (p,d) data used in this comparison are preliminary
and contain contributions from Sectors 1 and 8 of the STARS detector, which were
highlighted in Chapter 4 as being defective during this experiment. The presence of
data from these sectors may have introduced unphysical features into the data, in
particular in the ground state peak.
It may be seen in Figure 5.25, that, as expected, the two reactions populate states
in 90Zr with different strengths and hence lead to differing spin distributions. Figure
5.26 shows a γ-ray intensity vs deuteron energy vs γ-ray energy for the 91Zr(p,d)
reaction. This can be qualitatively compared against Figure 5.15 to provide an
estimate of the similarity of the decay pathways in each case.
It would appear that the strong γ-lines are reproduced in both figures. This
would seem to suggest that either would be applicable for use as a surrogate for
89Zr(n,γ) in the current surrogate strategy outlined in Chapter 1, although differ-
ences in the cross section predicted using both reactions may well occur, such as
those found in previous (p,d) vs (p,t) surrogate comparisons [12,24].
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Figure 5.25: Comparison of the normalised triton spectrum measured in the
92Zr(p,t)90Zr reaction (green) against the normalised deuteron spectrum measured in
the 91Zr(p,d)90Zr reaction (red). The energies of each spectrum have been converted
into excitation energy of the 90Zr nucleus to allow for easier comparison.
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Figure 5.26: Measured strength (in arbitrary units) of γ-ray emission as a function
of both γ-ray energy and product kinetic / particle energy energy. Plot courtesy of
Jason Burke [110].
Chapter 6
Extending the Model
In this chapter, we briefly explore ways in which the (p,t) model developed could
be extended to include additional physics. These additions would allow the model
to be applied to a greater range of cases and/or potentially improve the fidelity of
the results calculated for the case of a spherical, even-even, 0+ target nucleus in its
ground state.
6.1 Shell model structure calculations
As has been discussed in the previous chapter, the energies of the levels predicted by
our reasonably simple Hartree-Fock approach do not accurately reflect the measured
level structure. Another approach to this problem is to perform a shell model
calculation to predict the level positions and the strengths of their population, as
described in Section 3.2.4.
A shell model calculation for the population of states in 90Zr following the
92Zr(p,t)90Zr reaction was performed on behalf of the author by Alex Brown of
the National Superconducting Cyclotron Laboratory at Michigan State University
using the oxbash (OXford Buenos Aires SHell) code [86]. This calculation provides
the excitation energies of the predicted final states as well as two-nucleon amplitudes
which should be compared with our previously determined coefficients of fractional
parentage (see Section 2.5.1). The energies of the lowest lying states predicted by
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this shell model calculation are compared in Table 6.1 against those seen in the
simpler mean field model and those previously observed in the literature for the
92Zr(p,t)90Zr reaction. The level energies predicted in the shell model calculation
have been scaled, so that the energy of the first 6+ state corresponds to the pre-
viously measured value, but the relative spacings between the levels have not been
adjusted. The model space (participating orbitals) of the calculation is p 1
2
,g 9
2
for
protons; g 7
2
,d 5
2
,d 3
2
,s 1
2
for neutrons; and f 5
2
,p 3
2
,p 1
2
,g 9
2
for neutron holes. The M3Y
potential was used for particle-hole interactions [117].
As may be seen in Table 6.1, the levels predicted via the shell model approach
also fail to predict any levels at low excitation energies, as was the case for the mean
field Hartree-Fock model. Indeed, the shell model calculation only predicts the
population of states from E∗ ≈ 4.5 MeV upwards, although it does predict a greater
density of levels from this energy upwards compared to the Hartree-Fock case. The
4+and 6+ doublet is again reproduced, with the caveat that the 6+ state has been
shifted to match prior experimental data. There is also much better agreement with
the positions of odd Jpi levels than in the Hartree-Fock case.
Unlike the simplified mean field approach described in Section 3.2.3, the excited
states predicted via the shell model are constructed from a pair of neutrons which
simultaneously fractionally occupy several different states in 92Zr. Each pair of
states will have a separate two nucleon amplitude. The amplitudes for each pair of
states are summed together to give the total amplitude of the final excited state.
It is found that for the 92Zr(p,t)90Zr system each excited state has a dominant
contributing pair. This allows us to approximate the formation of each state as
being due to neutrons from only a single pair of states, with integer occupation, in
the target nucleus.
After combining these two-nucleon amplitudes with the additional factors re-
quired to transform a coefficient of fractional parentage into a parentage factor (see
Section 2.5.1), we may compare against the parentage factors of the states predicted
by our mean field model. This comparison is shown in Figure 6.1 for the lowest
lying level of each Jpi.
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Shell Model Mean Field Measured
E∗ [MeV] Jpi E∗ [MeV] Jpi E∗ [MeV] Jpi
1.760 0+
2.186 2+
2.319 5− ∗
2.748 3−
3.661 2+
4.126 0+
4.223 (2+)
4.238 ?
4.267 4+
4.334 4+
4.424 0+
4.438 2+
4.450 6+
4.489 4+
4.541 6+ 4.541 6+
4.681 2+
4.817 3−
5.068 ?
5.069 1−
5.071 3−
5.110 3−
5.314 3−
5.440 0+
5.504 1−
6.613 4+
5.636 5−
5.774 1−
5.835 3−
5.938 3−
Table 6.1: A comparison of the energies and Jpi values of states observed via previous
(p,t) measurements [98] against the lowest lying states predicted by the developed
(p,t) model and a shell model calculation. The Jpi value in brackets is a provisional
assignment and * indicates an isomeric state.
6.2 Multi-step processes 121
0
0.2
0.4
0.6
0.8
1
1.2
1.4
3.5 4 4.5 5 5.5 6 6.5 7 7.5 8
A
m
pl
it
ud
e
[
]
Excitation energy [MeV]
2+
4+
6+
1−
3−
5−
2+
4+
6+
3−
5−
1−
Shell model
Simple model
Figure 6.1: Comparison of parentage factors and level positions calculated using our
mean field Hartree-Fock (simple) model and a shell model calculation.
As may be seen, the relative strengths of the predicted levels compare well in
general, although this is not the case for the lowest lying 1− state, and the positions
in energy vary considerably. With the level positions predicted by this shell model
calculation also failing to predict the presence of states at low excitation energies,
it would not seem sensible at this time, especially given the additional calculational
effort, to incorporate shell model calculations into the model developed.
6.2 Multi-step processes
Two main types of higher order process have been considered in the (p,t) reaction
by a number of authors. The first of these is sequential (p,t) transfer, i.e. the two
neutrons are picked up by the incident proton one after the other. A deuteron is
formed by the pickup of the first neutron and this deuteron picks up the second
neutron to form a triton which then escapes the nucleus. The second multi-step
process can involve inelastic excitation, possibly of a collective mode, of the nucleus
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in either the entrance or exit channel. In theory, both kinds of multi-step process
can occur within the same reaction.
6.2.1 Sequential transfer
The (p,t) reaction taking place via sequential neutron pickup has been studied by
a number of authors, including Potel et al. [40–44], Igarashi et al. [63, 118], Bang
and Wollesen [119], and Takacsy [34]. The general approach taken is to treat the
DWBA T matrix for the reaction as a sum of both a one-step and a two step term
TTotal = Tone-step +
∑
m
Ttwo-step ,
where the two-step term is a sum over the m different intermediate states possible.
This two-step term can be written, in a fairly simplistic form, as
Ttwo-step =
〈
φ(A, t)χ−t
∣∣∣∣Vd−n∣∣∣∣φ(A+ 1, d))G+d (φ(A+ 1, d)∣∣∣∣Vp−n∣∣∣∣φ(A+ 2, p)χ+p 〉
−
〈
φ(A, t)χ−t
∣∣∣∣φ(A+ 1, d)〉〈φ(A+ 1, d)∣∣∣∣Vp−n∣∣∣∣φ(A+ 2, p)χ+p 〉 .
(6.1)
Here, φ(X, x) represents the internal wavefunctions of the nucleus X and projectile
x in each state. The potential Vp−n is between the incident proton and an individ-
ual neutron and Vd−n is the potential coupling the resultant deuteron to another
individual neutron. The term G+d is a radial Green’s function which describes the
propagation of the (unbound) deuteron in the intermediate state and has the form
G+d (R,R
′) = − 1
kd
F (R<)H
+(R>) ,
where F is a regular Coulomb function and H+ is a Hankel function [34]. The
Green’s function G+d is also distorted by an appropriate deuteron OMP to account
for compound nucleus reactions which can occur between the deuteron and nucleus.
The second line in Equation (6.1) is a correction necessary to account for the
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non-orthogonality of the overlap between the final and intermediate states [63].
Potel et al. make the conclusion that sequential neutron transfer, i.e. the p-
d-t reaction, is the dominant reaction mechanism due to the greater strength of
the two-body p-n potential. A simultaneous two-neutron transfer is found to be
a much weaker reaction, as it is governed by a three-body proton-neutron-neutron
potential [43].
However, despite the differences in absolute cross section, Potel et al. find that
the same relative spin distribution should be predicted in both the simultaneous one-
step and sequential two-step DWBA approaches. Furthermore, both Potel et al. and
Igarashi find that the angular distributions calculated via both approaches possess
very similar structure and so can still be used for the purposes of spectroscopy and
to explore pairing correlations.
It is also interesting to note, that Potel et al., calculate that the transfer of a
superconducting Cooper pair via the (p,t) reaction proceeds via sequential transfer
[40]. The reason for this is that the wavefunctions of the two neutrons in the
Cooper pair are strongly correlated. This correlation extends over distances many
times greater than the radius of the nucleus. Therefore, when one neutron of the
pair is picked up by an incident neutron and removed from the nucleus, in what
would be a (p,d) reaction, the second neutron is also stripped from the nucleus, due
to this strong correlation. The transfer of a Cooper pair from a nucleus via (p,t)
is observed experimentally by a significant enhancement in the cross section to the
ground state of the residual nucleus. This would therefore change the relative spin
distribution compared to the case of simultaneous transfer.
Calculations of the (p,t) reaction on nuclei with known or expected supercon-
ducting Cooper pairs, would therefore require the sequential DWBA method to be
applied in order to accurately predict the spin distribution.
fresco calculations
Unfortunately, the slimmed down version of twofnr used in this study is not able to
easily perform sequential (p,t) transfer calculations. However, calculations to explore
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Jpi N n1 l1 j1 n2 l2 j2 G B [mb] σ [mb]
2+ 3 0 4 9/2 1 2 5/2 3.661 14.2 6.66x10−1
4+ 2 0 4 9/2 1 2 5/2 4.267 6.79 4.50x10−1
6+ 1 0 4 9/2 1 2 5/2 4.450 2.17 3.68x10−1
Table 6.2: Levels for which sequential calculations were performed using fresco.
The subscripts 1 and 2 refer to the identity of the transferred neutron. The complete
structural factor amplitude G, the dynamical DWBA cross section B and the total
cross section σ are all as calculated for the one-step case.
the necessity of incorporating sequential transfers into (p,t) calculations of 92Zr(p,t)
were performed on behalf of the author by Ian Thompson using the fresco code.
This calculation is equivalent to that of a multi-step DWBA calculation made using
twofnr (technically fresco solves the Coupled Channel Born Approximation, see
Section 6.2.2), however instead of a zero-range interaction, the deuteron and triton
possess realistic finite-range wavefunctions [120]. This difference makes it difficult
to specify the same proton - di-neutron potential as used in our earlier calculations
and so we do not expect these fresco calculations to reproduce the same absolute
magnitudes of cross sections.
Calculations were made for three states predicted in Table 5.1 and shown again
in Table 6.2. The states all involve the transfer of the same
[
0g9/2 ⊗ 1d5/2
]
pair,
but populate excited states at different energies and with different J values. These
states were chosen as both the 4+ and 6+ states have been observed in the data at
energies predicted by our model and so the two transferred neutrons likely occupy
near-pure single-particle shell model states. This means that it is more reasonable
for us to assume integer occupation of the neutron states in the target nucleus and
simplifies the input to the fresco calculations. The Bechetti and Greenlees and
Li et al. OMPs, for the proton and triton channels respectively were used, as was
the case for the twofnr calculations. The deuteron OMP of Perey and Perey [121]
was used for the intermediate state.
The results of the calculations are presented in Figures 6.2, 6.3 and 6.4 for the 2+,
4+ and 6+ cases respectively. The calculations include the one-step / simultaneous
case (to account for any difference in the fresco vs twofnr result), the two-step /
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Figure 6.2: Angular distribution calculated for the simultaneous, sequential and
combined two neutron transfer cases, for the population of the E∗ = 3.661 MeV 2+
state in 90Zr nucleus following the 92Zr(p,t) reaction.
sequential only case, and the summed simultaneous and sequential / combined case.
It should be noted that the simultaneous case plus the sequential case does not equal
the combined case, as it is the amplitudes of the two cases which add together before
being squared to form the cross section. These amplitudes may also have different
phases relative to one another and so the simulataneous and sequential terms may
interfere with one another.
As may be seen in Figures 6.2 to 6.4, the angular distributions predicted using
the simultaneous, sequential and combined calculations are all qualitatively similar.
This was the result expected, given the previous findings of the authors listed earlier
in this section. For all three J transfers, the absolute magnitude of the predicted
cross section approximately doubles when moving from the simultaneous to the
combined case. This difference is less than that expected based on the work of
Potel et al., but they did not study this specific system. If the cross section for
each transition is doubled, the relative spin distribution would remain the same and
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Figure 6.3: Angular distribution calculated for the simultaneous, sequential and
combined two neutron transfer cases, for the population of the E∗ = 4.267 MeV 4+
state in 90Zr nucleus following the 92Zr(p,t) reaction.
our comparisons made in Chapter 5 remain valid. However, comparisons against
absolute measured cross sections would need the additional sequential process to be
accounted for, although potentially this could be done via a crude empirical scaling.
6.2.2 Inelastic processes
Heavier spherical nuclei generally possess strong collective vibrational modes of ex-
citation and deformed nuclei (either heavy or with a significant neutron or proton
surplus) may also undergo strong collective excitations in the form of rotational
modes [48]. It is possible that each of these collective modes may be excited inelas-
tically in either the entrance or exit channel of a (p,t) reaction [122]. For the case
of 92Zr we do not need to concern ourselves with the formation of these additional
types of excited state, but if the model was applied to heavier nuclei their inclusion
in the model may be necessary.
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Figure 6.4: Angular distribution calculated for the simultaneous, sequential and
combined two neutron transfer cases, for the population of the E∗ = 4.450 MeV 6+
state in 90Zr nucleus following the 92Zr(p,t) reaction.
Single-particle excitations due to inelastic scattering may also occur in nuclei
of any mass, although their importance will depend upon the specific system in
question.
These inelastic excitations, particularly collective, have been studied by many
authors, e.g. Ascuitto and Glendenning [122–124]. The general approach is to
introduce a Coupled Channels Born Approximation (CCBA). The T matrix may be
written, in a very simple form, in the CCBA approach as
TCCBA =
∑
α′β′
〈
χt−β′ φ
t
β′φ
(A)
β′
∣∣∣∣Vp2n − Uˆα∣∣∣∣χp+α′ φ(A+2)α′ 〉 . (6.2)
Here, α′ and β′ are partitions of the physical system in the entrance and exit chan-
nels respectively. Each partition, α′, β′, represents an inelastically excited state in
the nucleus and the corresponding inelastically scattered wavefunction of the light
particle. The potential Uˆα governs the excitation of the partition α
′ from the initial
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Figure 6.5: Illustration of a multi-step transfer reaction proceeding to partition β,
showing the various direct and indirect transitions which could occur. Each arrow
represents a term in the CCBA calculation. Figure taken and adapted from Ref. [55].
partition α in the entrance channel. An illustration of a multi-step transition is
given in Figure 6.5.
Equation (6.2) is the prior form of the T matrix and only allows excitations in
the entrance channel. The expression for TCCBA can also be written in the post form
as
TCCBA =
∑
α′β′
〈
χt−β′ φ
t
β′φ
(A)
β′
∣∣∣∣Vp2n − Uˆβ∣∣∣∣χp+α′ φ(A+2)α′ 〉 , (6.3)
where Uˆβ is the potential governing excitations to partition β
′ in the exit channel.
Applications of the CCBA method using either Equation (6.2) or (6.3) would be
limited to reactions in the entrance or exit channel respectively and a knowledge of
the expected inelastic intermediate states is required. More elaborate methods, such
as those employed by fresco, allow both entrance and exit channel excitations to
be accounted for in the same calculation [39].
From the dataset presented in Chapter 5, it is not possible to identify any specific
inelastic states which should be accounted for in 92Zr(p,t)90Zr calculations. In the
previous study of Zr (p,t) reactions by Ball et al., the authors also find no need to
incorporate any higher order processes into their DWBA calculations [47].
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6.3 Unnatural-parity transfers
From the data analysed in Chapter 5 and the previous studies by Ball et al. [47] there
appears no significant need to incorporate unnatural-parity transitions into calcula-
tions of the 92Zr(p,t)90Zr reaction. However, such transitions have been observed in
other systems, e.g. 2080+ Pb(p,t)
206
3+ Pb and
22
0+Ne(p,t)
20
2−Ne. If the model was applied to
a nucleus in which the population of an unnatural-parity state was significant, the
ability to calculate these transitions would be required.
There are generally two ways in which these transitions have been incorporated
into calculations. The first is through sequential neutron transfer, as studied by
e.g. Takacsy [34, 35] and Bang and Wollesen [119]. The second, as studied by e.g.
Nagarajan et al. [37,38], is through the use of more realistic finite-range triton wave-
functions which include small higher angular momentum components, i.e. which no
longer force the L = J, S = 0 condition upon the transferred neutron pair. It
would appear from comparisons of each approach, that the dominant mechanism
for populating these unnatural states is system specific [63].
6.4 More complex systems
So far the model developed has been applied to a simple case, i.e. a spherical, even-
even, 0+ target nucleus. If the model was applied to nuclei which do not fulfill these
characteristics, some modifications and extensions would be required, as described
below.
6.4.1 Deformed nuclei
Deformed ground states appear in nuclei in many regions of the chart of the nuclides.
These deformed ground states generally exhibit rotational behaviour. In order to
perform (p,t) calculations on such deformed nuclei, a number of extensions would
need to be made to the developed (p,t) model.
For a deformed nucleus with collective rotational motion of the core, the quantum
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Figure 6.6: Illustration of a nucleon orbiting a deformed, rotating nuclear core. Also
given is the projection K of the nucleon’s total angular momentum j onto the z-axis.
Figure taken and adapted from Ref. [48].
numbers used to describe single-particle states (see Chapter 2) are no longer good,
i.e. they no longer provide a unique description of an individual state. Other
quantum numbers must be used instead. The model typically used to describe the
single-particle states of a deformed nucleus is that developed by Nilsson [51].
In the Nilsson approach, the deformed core of a nucleus rotates in a plane around
an axis of symmetry. A single nucleon may orbit about this axis at a different
inclination to the core, as illustrated in Figure 6.6. The energy of the nucleon’s
state depends upon its inclination relative to this axis rather than its independent-
particle shell model quantum numbers n, l and j. The state is therefore labelled by
a new set of quantum numbers Kpi [NnzΛ] [48].
Here, K is the projection of the nucleon’s total angular momentum j onto the
plane / z-axis of the core’s rotation and may only take on discrete values, with each
Kpi [NnzΛ] state having a different energy, dependent on the angle between K and j.
The principal quantum number N corresponds to the number of the major nucleon
shell of the state. These are the same shells as determined via the shell model. The
number of radial nodes in the nucleon’s wavefunction in the z-axis is nz and Λ is
the component of the nucleon’s orbital angular momentum in the z-axis.
The two nucleon amplitudes / coefficients of fractional parentage for two neutrons
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transferred from a deformed state must be calculated using these new quantum
numbers. A method for doing this has previously been developed by Takemasa et
al. [125, 126] and Onishi and Yoshida [127]. However, incorporating this approach,
and the corresponding code specto [128], into our model would be non-trivial as it
assumes a truncated model space (which may actually not be unreasonable unless
Ep is large) and requires prior knowledge of the expected deformations.
Also, (p,t) reactions on deformed nuclei may, as previously discussed, occur via
multi-step processes due to the excitation of different collective rotational modes.
The CCBA approach would likely be needed for an accurate treatment of many
systems.
Finally, the OMP required to describe the distorting waves in the entrance and
exit channels of the DWBA / CCBA (p,t) calculations would require some modifica-
tion, due to the potential being non-spherical for deformed nuclei. Additional terms
are required in the description of the potential which depend upon the deformation
parameters of the nucleus. Although the original version of twofnr allowed the
inclusion of deformed potentials, the limited version of twofnr used in this study
would need some modification to incorporate them. Prior knowledge of the expected
deformations would also be required in order to perform such calculations.
6.4.2 Odd-A target nuclei
Data were measured for the (p,t) reaction on all the other stable Zr isotopes in the
same experimental campaign as the data for the 92Zr(p,t)90Zr reaction utilised in
this study. The model developed could be applied to all of these other isotopes,
apart from 91Zr, due to it possessing an odd number of neutrons and a ground state
Jpi = 5
2
+
.
The majority of the changes required to apply the model to 91Zr, or any other
odd-A (spherical) nucleus, would be fairly simple, such as writing additional code to
e.g. calculate the angular momentum of the final state when the reaction occurs on
a target nucleus with Jpi 6= 0+. However, a more significant change would involve
the calculation of the coefficients of fractional parentage, as their form would change
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to incorporate an arbitrary initial Jpi, an odd number of neutrons in an orbital, and
a level with an initial seniority ν = 1.
The forms of the coefficients of fractional parentage for the additional required
cases are given in Ref. [31] and Ref. [129].
Chapter 7
Summary and Outlook
7.1 Summary
A theoretical model has been developed to predict the excitation energy, spin and
parity distributions of the residual nuclei following a (p,t) two-neutron transfer reac-
tion. This model has been designed to be purely predictive and to require little or no
detailed prior information on the target nucleus in question. The model developed
(see Chapters 2 and 3) has been applied to the case of 28.53 MeV protons incident
on an isotopically enriched 92Zr target, a case for which experimental data have
recently been taken by a group from the Lawrence Livermore National Laboratory
using the STARLiTeR detector at Texas A&M University (see Chapter 4).
7.1.1 Efficacy of the developed (p,t) model
The model developed makes a number of assumptions: the target nucleus is even-
even, spherical; it is in its ground state with Jpi = 0+; and that the two neutrons are
transferred simultaneously, in one-step, as a single spin-singlet di-neutron object,
with zero intrinsic angular momentum.
A detailed comparison between the model and the data (see Chapter 5) for
92Zr(p,t)90Zr shows a reasonable match to the average trends of the observed triton
and γ-ray spectra, but a breakdown when individual discrete states are scutinised
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in detail. In particular, the model fails to predict the population of a number of
physical states observed in 90Zr, suggesting a more sophisticated approach to the
structural and/or dynamical components of the model is required.
Shell model calculations of the excited levels of 90Zr were performed and anal-
ysed, but these failed to significantly improve upon the Hartree-Fock calculations
incorporated into the model as standard. However, as these discrete states generally
occur at energies below SAn , this may not impact upon the model’s application to
the prediction of spin distributions in surrogate applications.
Possible extensions to the model were explored, including sequential neutron
transfer, the inclusion of inelastic excitations, etc (see Chapter 6), but are not con-
sidered necessary for application to the 92Zr(p,t)90Zr system. However, if this model
were applied to other nuclei, their inclusion may be required for a more accurate
description of the physics.
7.1.2 Suitability of 92Zr(p,t) as a surrogate for 89Zr(n,γ)
Unfortunately, as the 92Zr(p,t)90Zr data compared against in this study were taken
as part of an experiment tailored for (p,d), the energy of the proton beam was too
low for the triton spectrum, at energies corresponding to excitation energies in the
residual nucleus A at ≈ SAn , to be observed. Therefore, the spin distribution cal-
culated to be populated in this region could not be compared against experimental
data. However, the γ-ray decay spectrum as a function of outgoing particle energy
was compared qualitatively against that measured following the 91Zr(p,d)90Zr reac-
tion, which is currently being used, by another group, to derive the 89Zr(n,γ)90Zr
cross section via the methodology outlined in Chapter 1.
This comparison showed that the same strong γ-decay lines are seen in each case.
This result implies that the (p,t) reaction should also be applicable as a surrogate
for 89Zr(n,γ)90Zr. However, this statement will remain speculative without more
appropriate (p,t) data.
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7.2 Outlook
The developed (p,t) model is sufficiently mature that it could be applied, with only
minimal effort to any even-even, spherical, 0+ target nucleus. It is hoped that
this tool may prove of some use to the surrogate reaction community in helping to
predict spin distributions populated via (p,t). However, it is acknowledged that an
experiment with a higher energy proton beam is required in order to test the model
against data in the correct energy regime, i.e. at triton energies corresponding to
an excitation energy of the residual nucleus at energies around Sn.
With additional effort, the model can also be extended to include the necessary
physics for it to be applied to deformed nuclei, nuclei which exhibit strong collective
modes of excitation, and/or nuclei with odd-A.
Appendix A
twofnr
A.1 Code validation
In order to test that the mathematics of the DWBA method has been incorporated
correctly into twofnr, the code was used for a series of Plane Wave Born Approxi-
mation (PWBA) calculations. The angular distributions produced by these PWBA
calculations were then compared against distributions calculated by performing cal-
culations based on the Fourier transform of an equivalent bound-state wavefunction
(see Section 2.4).
twofnr can be run in a ‘PWBA mode’ by setting the projectile charge and both
requested OMPs to zero. It is necessary to perform these calculations for neutral
incident particles and/or targets in order to remove the Coulomb interaction.
The fortran code transform [130] was modified in order to produce an angu-
lar distribution from a Fourier transform of a calculated bound-state wavefunction.
Equivalent calculations were performed using twofnr in PWBA mode and trans-
form and the results of the angular distributions produced compared.
For transform a di-neutron is bound to an A nucleon core in a Woods-Saxon
potential of whatever depth is necessary to reproduce the two neutron separation
energy S2n which has been specified in the twofnr transfer calculation.
The results of equivalent twofnr and transform calculations are given in
Figure A.1 for the case of an L = 2 (0d) transfer (p,t) reaction occurring on an
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A = 42 nucleus, i.e. a di-neutron bound to an A = 40 core in an L = 2 orbital. Due
to the various phase space parameters which appear in the expression for dσ
dΩ
, the
magnitudes of each angular distribution have been normalised for comparison.
Further results for the case of a transfer from a 1p state in an A = 110 nucleus,
i.e. a di-neutron bound in a 1p state to an A = 108 core, are given in Figure A.2.
As can be seen, the calculated angular distributions are in good agreement. This
confirms that twofnr performs as expected for the case of zero strength OMPs
and Coulomb potential, i.e. that twofnr performs the calculation of the PWBA
correctly and also that choices of numbers of partial waves and integration step sizes
are appropriate.
Figure A.1: Comparison of the angular distribution calculated for the case of a (p,t)
reaction at 40 MeV transferring a di-neutron from a 0d state of an A = 42 nucleus
(twofnr) against the angular distribution calculated from a Fourier transform of
a 0d state di-neutron bound to an A = 40 core (transform).
A.2 Comparison with dwuck4 results
Another transfer code which is widely used is dwuck4 (Distorted Wave University
of Colorado Kuntz) written by Kuntz [131]. Results of calculations performed using
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Figure A.2: Comparison of the angular distribution calculated for the case of a (p,t)
reaction at 40 MeV transferring a di-neutron from a 1p state of an A = 110 nucleus
(twofnr) against the angular distribution calculated from a Fourier transform of
a 1p state di-neutron bound to an A = 108 core (transform).
dwuck4 were compared directly with those obtained via the use of twofnr, in
order for any discrepancies to be highlighted.
dwuck4 is typically used for single-particle transfer reactions and was compared
against twofnr for this type of reaction. The results of calculations performed with
each code compared well with one another.
A.3 DWBA inputs
There are a range of inputs which are required for DWBA calculations, including
some for which the necessary values are poorly understood. These inputs include:
• proton-nucleus OMP and non-locality parameters
• triton-nucleus OMP and non-locality parameters
• D0 proton - di-neutron vertex (potential) strength
• FNRNG (FiNite RaNGe) parameter
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• radial parameters for the bound di-neutron Woods-Saxon potential well
It was necessary to gain a greater understanding as to which input parameters
twofnr (p,t) calculations are most sensitive to. In order to address this, an auto-
mated unix script was created to allow a range of sensitivity calculations in which
each parameter was varied in turn in steps between ±15% and the change in the
calculated value of σtot from a nominal case recorded.
Figures A.3 to A.5 show the change in σtot calculated due to changes in a range
of input parameters for several different isotopes and L transfers. The labelling key
for each input parameter is given in Table A.1. In the zero-range approximation,
the finite-range parameter, described further in Section A.3.2, has a nominal value
of zero and so was instead varied between 0 and 1 fm. The changes in σtot due to
changes in the finite-range parameter are shown for a single example case in Figure
A.6.
As may be seen in Figures A.3 to A.5 twofnr (p,t) calculations are most sensi-
tive to the choice of triton OMP parameters, the parameters of the bound di-neutron
Woods-Saxon potential and also the radius of the imaginary volume part of the pro-
ton OMP in some cases.
The parameters of the bound di-neutron Woods-Saxon potential are well under-
stood and there are a plethora of proton scattering data from which to establish
a reliable value for the imaginary volume part of the proton OMP, but there is
relatively little information available for triton OMPs. This is due to the lack of
experimental data for incident triton beams. The fact that twofnr (p,t) calcula-
tions are most sensitive to parameters which are relatively poorly known may have
implications for our developed model.
Figure A.6 shows the calculated relationship between the finite-range FNRNG
parameter and the total cross section for an L = 0 (p,t) transfer on 42Ca. As can be
seen, and these results hold for other isotopes and spin transfers, the cross section is
affected by the value of FNRNG. However, as will be described in Section A.3.2, the
value of FNRNG is typically set equal to zero for (p,t) reactions due to the difficulty
in selecting an appropriate value for the case of an outgoing triton. The dependence
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Label Input parameter
p nl Proton OMP non-locality
rc1 Coulomb radius of the proton OMP
vr1 Depth of the real part of the proton OMP
rr1 Radius of the real part of the proton OMP
w1 Depth of the (volume) imaginary part of the proton OMP
wr1 Radius of the imaginary part of the proton OMP
ws1 Strength of the (surface) imaginary part of the proton OMP
vs1 Strength of the real spin-orbit component of the proton OMP
rs1 Radius of the real spin-orbit component of the proton OMP
t nl Triton OMP non-locality
rc2 Coulomb radius of the triton OMP
vr2 Depth of the real part of the triton OMP
rr2 Radius of the real part of the triton OMP
w2 Depth of the (volume) imaginary part of the triton OMP
wr2 Radius of the imaginary part of the triton OMP
ws2 Strength of the (surface) imaginary part of the triton OMP
vs2 Strength of the real spin-orbit component of the triton OMP
rs2 Radius of the real spin-orbit component of the triton OMP
D0ˆ2 Magnitude of the zero-range proton - di-neutron vertex (potential) D20
wsr Radius of the Woods-Saxon potential of the bound di-neutron
bs nl Non-locality of the Woods-Saxon potential of the bound di-neutron
FNRNG Finite range parameter for the proton - di-neutron potential
Table A.1: Key to the labels used for the various DWBA input parameters varied
as part of the sensitivity study.
of σtot on FNRNG may therefore be ignored for the present.
It was also instructive to look at the sensitivities of twofnr calculations of (t,p)
reactions. The results of sensitivity calculations for an L = 0 transfer (t,p) reaction
on 40Ca are shown in Figure A.7. As may be seen the same trends are observed as
in the case of (p,t) reactions, with the largest sensitivities due to the parameters of
the di-neutron’s bound-state potential and the triton OMP.
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Figure A.3: Percentage change in calculated total cross section for percentage change
of each underlying input, for calculations of an L = 0 transfer (p,t) reaction on 42Ca
at Elab=40 MeV.
A.3 DWBA inputs 142
Figure A.4: Percentage change in calculated total cross section for percentage change
of each underlying input, for calculations of an L = 3 transfer (p,t) reaction on 42Ca
at Elab=40 MeV.
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Figure A.5: Percentage change in calculated total cross section for percentage change
of each underlying input, for calculations of an L = 4 transfer (p,t) reaction on 160Gd
at Elab=18 MeV.
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Figure A.6: Percentage change in calculated total cross section due to changing
values of the FNRNG input parameter, for calculations of an L = 0 transfer (p,t)
reaction on 42Ca at Elab=40 MeV.
A.3.1 Non-locality of optical model potential
Due to the non-elastic processes which may occur, the OMP may be non-local
[52,53];
ULψ(r)→
∫
U(r, r′)ψ(r′)dr ,
where U(r, r′) is a non-local potential. Thus ψ at r depends on conditions at all
other points in the range of the non-local potential, β.
When a non-local OMP is used, it is found that (1) the equivalent (in terms of
scattering effects) local OMP is smaller and (2) the wave function in the interior
region for the light-particle in the non-local case is smaller [45]. Assuming a Gaussian
form to the non-locality, we get the relationship,
ψNL(r) = F (r)ψ(r) .
In the exterior region F (r)→ 1 and in the interior region,
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Figure A.7: Percentage change in calculated total cross section for percentage change
of each underlying input, for calculations of an L = 0 transfer (t,p) reaction on 40Ca.
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F (r) = {1−
[
mβ2
2~2
]
UL(r)}−1/2 .
Here β is the non-locality parameter and is the value supplied when a non-local
OMP is specified in twofnr. Typical values are 0.85 fm and 0.20 fm for proton
and triton OMPs respectively [132].
The non-locality of an OMP originates from the fact that scattering from a
nucleus includes both prompt and delayed components. The prompt components
arise from e.g. elastic scattering and the delayed from compound nucleus reactions.
We may introduce the operators P and Q which act on a wavefunction ψ to project
out the prompt and delayed scattering components respectively, i.e. Pψ equals
the prompt scattering components and Qψ the delayed. It is the time delayed Qψ
components which introduce the non-locality.
A.3.2 Finite-range Vp2n
As was discussed in Section 2.4, a zero-range approximation is generally assumed
for DWBA calculations. However, this is sometimes found to overestimate the cross
section due to contributions from the wavefunction in the interior region [45].
An extra factor Λ(r) may be introduced into the DWBA calculations to take the
finite-range of the proton - di-neutron interaction into account. This extra term is
based on the triton having a Hulthe´n type wavefunction [133, 134], governing the
behaviour of the proton relative to the neutron pair.
For two particle transfer reactions Glendenning [45] suggests that the zero-range
approximation is preferable, at least for even L transfers, due to the greater difficulty
of deriving an appropriate Λ(r) when compared to single-particle transfers.
The validity of the zero-range approximation is linked to the de Broglie wave-
length of the incident particle, i.e. the zero-range approximation is poor for heavy
ion collisions due to their larger size and smaller de Broglie wavelength.
Appendix B
Parentage Factors
B.1 Developed parentage factor code
B.1.1 Operation
A fortran code was written incorporating the various expressions presented in
Section 2.5.1 for calculating coefficients of fractional parentage (CFPs), and from
these the complete parentage factors. For a specified pair of neutrons, from either
the same or different orbitals, the allowed combinations of L, S and J are calculated
and the relevant expressions applied for each.
Despite the simple transfer model not needing S = 1 transitions, the code still
calculates these. Their inclusion allows the code to check that Equations (2.34)
and (2.35) are satisfied. Any unphysical combinations of L, S and J accidentally
calculated and which produce non-zero CFP values would be suppressed during the
calculation of the overall parentage factor by a zero-valued 9-j coefficient.
B.1.2 Example output
The code may be used to calculate the parentage factors for either a single pair of
neutrons or it may be used to loop over a supplied list of different pair combinations.
Below are some examples of the results calculated for a variety of different pair
combinations.
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Same orbital
For the first example two neutrons are taken from the 1d5/2 orbital,
[
1d5/2
]2
. The
maximum number of neutrons allowed in an orbital is equal to 2j + 1. The CFPs
calculated will vary depending upon occupancy and so two calculations were run
with n = 6 (filled orbital) and n = 4 (unfilled).
The outputs of each calculation are given below. For each combination of L,
S and J the parentage factors βLSJ “Beta” and the values of β
2
LSJ “#{JLS}” are
printed. It may be seen that the results satisfy Equation (2.35).
n = 6, [n(n− 1)/2] = 15
J = 0
L = 0 S = 0 #{JLS} = 0.6000 Beta = 0.7746
L = 1 S = 1 #{JLS} = 0.4000 Beta = −0.6325∑
LS = 1.0000
***********
J = 2
L = 1 S = 1 #{JLS} = 2.2400 Beta = 1.4967
L = 2 S = 0 #{JLS} = 2.4000 Beta = 1.5492
L = 3 S = 1 #{JLS} = 0.3600 Beta = −0.6000∑
LS = 5.0000
***********
J = 4
L = 3 S = 1 #{JLS} = 7.2000 Beta = 2.6833
L = 4 S = 0 #{JLS} = 1.8000 Beta = 1.3416∑
LS = 9.0000
*********** ∑
JLS = 15.000
**********************
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n = 4, [n(n− 1)/2] = 6
J = 0
L = 0 S = 0 #{JLS} = 0.8000 Beta = 0.8944
L = 1 S = 1 #{JLS} = 0.5333 Beta = -0.7303∑
LS = 1.3333
***********
J = 2
L = 1 S = 1 #{JLS} = 0.7467 Beta = 0.8641
L = 2 S = 0 #{JLS} = 0.8000 Beta = 0.8944
L = 3 S = 1 #{JLS} = 0.1200 Beta = -0.3464∑
LS = 1.6667
***********
J = 4
L = 3 S = 1 #{JLS} = 2.4000 Beta = 1.5492
L = 4 S = 0 #{JLS} = 0.6000 Beta = 0.7746∑
LS = 3.0000
*********** ∑
JLS = 6.0000
Different orbitals
The results below are for two neutrons taken from different levels, for example the
1d5/2 and 1p3/2 orbitals,
[
1d5/2 ⊗ 1p3/2
]
. The 1p3/2 orbital is filled by four neutrons.
In the first output both orbitals are filled, in the second the 1d5/2 has n = 4 and
in the third, the 1d5/2 has n = 4 and the 1p3/2 has n = 2.
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Both filled, nanb = 24
***********
J = 1
L = 1 S = 0 #{JLS} = 1.8000 Beta = 1.3416
L = 1 S = 1 #{JLS} = 0.9000 Beta = 0.9487
L = 2 S = 1 #{JLS} = 0.3000 Beta = -0.5477∑
LS = 3.0000
***********
J = 2
L = 1 S = 1 #{JLS} = 2.1000 Beta = 1.4491
L = 2 S = 0 #{JLS} = 2.3333 Beta = 1.5275
L = 2 S = 1 #{JLS} = 0.3889 Beta = 0.6236
L = 3 S = 1 #{JLS} = 0.1778 Beta = -0.4216∑
LS = 5.0000
***********
J = 3
L = 2 S = 1 #{JLS} = 4.9778 Beta = 2.2311
L = 3 S = 0 #{JLS} = 1.8667 Beta = 1.3663
L = 3 S = 1 #{JLS} = 0.1556 Beta = 0.3944∑
LS = 7.0000
***********
J = 4
L = 3 S = 1 #{JLS} = 9.0000 Beta = 3.0000∑
LS = 9.0000
*********** ∑
JLS = 24.000
**********************
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One filled, one unfilled, nanb = 16
***********
J = 1
L = 1 S = 0 #{JLS} = 1.2000 Beta = 1.0954
L = 1 S = 1 #{JLS} = 0.6000 Beta = 0.7746
L = 2 S = 1 #{JLS} = 0.2000 Beta = -0.4472∑
LS = 2.0000
***********
J = 2
L = 1 S = 1 #{JLS} = 1.4000 Beta = 1.1832
L = 2 S = 0 #{JLS} = 1.5556 Beta = 1.2472
L = 2 S = 1 #{JLS} = 0.2593 Beta = 0.5092
L = 3 S = 1 #{JLS} = 0.1185 Beta = -0.3443∑
LS = 3.3334
***********
J = 3
L = 2 S = 1 #{JLS} = 3.3185 Beta = 1.8217
L = 3 S = 0 #{JLS} = 1.2444 Beta = 1.1155
L = 3 S = 1 #{JLS} = 0.1037 Beta = 0.3220∑
LS = 4.6666
***********
J = 4
L = 3 S = 1 #{JLS} = 6.0000 Beta = 2.4495∑
LS = 6.0000
*********** ∑
JLS = 16.000
**********************
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Both unfilled, nanb = 8
***********
J = 1
L = 1 S = 0 #{JLS} = 0.6000 Beta = 0.7746
L = 1 S = 1 #{JLS} = 0.3000 Beta = 0.5477
L = 2 S = 1 #{JLS} = 0.1000 Beta = -0.3162∑
LS = 1.0000
***********
J = 2
L = 1 S = 1 #{JLS} = 0.7000 Beta = 0.8367
L = 2 S = 0 #{JLS} = 0.7778 Beta = 0.8819
L = 2 S = 1 #{JLS} = 0.1296 Beta = 0.3600
L = 3 S = 1 #{JLS} = 0.0593 Beta = -0.2434∑
LS = 1.6667
***********
J = 3
L = 2 S = 1 #{JLS} = 1.6593 Beta = 1.2881
L = 3 S = 0 #{JLS} = 0.6222 Beta = 0.7888
L = 3 S = 1 #{JLS} = 0.0519 Beta = 0.2277∑
LS = 2.3334
***********
J = 4
L = 3 S = 1 #{JLS} = 3.0000 Beta = 1.7321∑
LS = 3.0000
*********** ∑
JLS = 8.0000
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B.2 Analytic checks
We may derive analytic forms for the 9-j coefficients multiplied by statistical factors
for the case of S = 0 and hence use these to check the results of the computer code
used to calculate the parentage factors.
B.2.1 Reduction to a Racah coefficient
For this term in Equation (2.32) for two neutrons taken from the same orbital and the
second of these two terms in Equation (2.39) for two neutrons taken from different
orbitals we have,

la s ja
lb s jb
L 0 J
 = Lˆjˆajˆb

la s ja
lb s jb
L 0 J
 . (B.1)
Any two rows or columns of a 9-j coefficient may be interchanged with the
introduction of a phase factor (−)R, e.g.

la s ja
lb s jb
L 0 J
 =

la ja s
lb jb s
L J 0
 (−)
R , (B.2)
where,
R = la + s+ ja + lb + s+ jb + L+ J . (B.3)
Exchanging another two columns sets this phase factor equal to unity,

la s ja
lb s jb
L 0 J
 =

ja la s
jb lb s
J L 0
 . (B.4)
For cases where the bottom right term of the 9-j is zero, the 9-j may be written in
terms of a Racah coefficient,
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
ja la s
jb lb s
J L 0
 =
δLJ
sˆJˆ
(−)s+J−ja−lbW (jalajblb; sJ) . (B.5)
For the case of a Racah coefficient W (abcd; ef) with e = 1
2
there are analytic ex-
pressions available in the literature, i.e. in Ref. [62].
Two neutrons taken from a d 5
2
orbital
We may use these analytic expressions to test our code results for the case of two
neutrons taken from a d 5
2
state with n = 6 coupled to a J = 0 final state.
Combining Equations (2.32), (2.36) and (B.5),
βLSJ
(
(jn−2)vJ ↔ (jn)0) = [n(n− 1)
2
](
2j + 3− n
(n− 1)(2j + 1)
)
jˆajˆb
sˆ
W ((l+
1
2
)l(l+
1
2
)l);
1
2
J) .
(B.6)
Using the analytical expression for a Racah coefficent with
W ((b+ 1
2
)b(d+ 1
2
)d); 1
2
f),
βLSJ
(
(jn−2)vJ ↔ (jn)0) = [n(n− 1)
2
](
2j + 3− n
(n− 1)(2j + 1)
)
jˆajˆb
sˆ
×(−)2l−J
[
(2l + J + 2)(2l − J + 1)
(2l + 1)(2l + 2)(2l + 1)(2l + 2)
] 1
2
,
(B.7)
which equals 0.7746 which may be compared satisfactorily against the calculated
value given in Section B.1.2.
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Two neutrons taken from different orbitals
For different orbitals we also have the term

ja ja 0
jb jb 0
J J 0
 = Jˆ Jˆ

ja ja 0
jb jb 0
J J 0
 , (B.8)
which may also be rewritten in terms of a Racah coefficient,

ja ja 0
jb jb 0
J J 0
 =
(−)J−ja−jb
Jˆ
W (jajajbjb; 0J) . (B.9)
A Racah coefficent W (abcd; ef) with e = 0 is another special case [76] with an
analytic form,
W (jajajbjb; 0J) =
[
(−)ja+jb−J 1
jˆajˆb
]
, (B.10)
which gives,

ja ja 0
jb jb 0
J J 0
 = Jˆjˆajˆb . (B.11)
For the case of two neutrons removed from different orbitals with ja =
5
2
, la = 2
,jb =
3
2
, lb = 1 and na = 6, nb = 4 coupled to J = 1, the expressions above combined
with Equation (2.39) give,
βLSJ
(
(jna−1a )J
′
a, (j
nb−1
b )J
′
b; J1 ↔ (jnaa )Ja, (jnbb )Jb; J2
)
=
(nanb)
1
2
Jˆ
sˆ
(−)s+J−ja−lbW (jalajblb; sJ) .
(B.12)
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Using the same analytical expression for the Racah coefficent shown previously gives,
βLSJ
(
(jna−1a )J
′
a, (j
nb−1
b )J
′
b; J1 ↔ (jnaa )Ja, (jnbb )Jb; J2
)
=
(nanb)
1
2
Jˆ
sˆ
(−)s+J−ja−lb(−)la+lb−J
[
(la + lb + J + 2)(la + lb − J + 1)
(2la + 1)(2la + 2)(2lb + 1)(2lb + 2)
] 1
2
.
(B.13)
This gives a value of 1.3416 which again may be compared satisfactorily against the
value calculated in Section B.1.2.
B.3 Code summary
A code has been written to calculate the parentage factors for direct (p,t) transfer
reactions and checked against analytical expressions for simple cases. Calculating
these parentage factors is a necessary step in determining (scaling) the cross section
for such reactions. Parentage factors account for structural effects in the target nu-
cleus and are similar in nature to the spectroscopic factors which arise in calculations
of single-particle transfers.
This code has been incorporated into the developed (p,t) model which automates
the calculation of (p,t) cross sections for the transfer of pairs of neutrons from a
number of active levels near the Fermi surfaces of the nucleus of interest.
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